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CURVES AND SURFACES WITH CONSTANT NONLOCAL MEAN
CURVATURE: MEETING ALEXANDROV AND DELAUNAY

XAVIER CABRE, MOUHAMED MOUSTAPHA FALL, JOAN SOLA-MORALES,
AND TOBIAS WETH

ABSTRACT. We are concerned with hypersurfaces of R with constant nonlocal (or
fractional) mean curvature. This is the equation associated to critical points of the
fractional perimeter under a volume constraint. Our results are twofold. First we
prove the nonlocal analogue of the Alexandrov result characterizing spheres as the
only closed embedded hypersurfaces in RY with constant mean curvature. Here we
use the moving planes method. Our second result establishes the existence of periodic
bands or “cylinders” in R? with constant nonlocal mean curvature and bifurcating
from a straight band. These are Delaunay type bands in the nonlocal setting. Here we
use a Lyapunov-Schmidt procedure for a quasilinear type fractional elliptic equation.

1. INTRODUCTION AND MAIN RESULTS

Let a € (0,1), and let E be an open set in RY (not necessarily connected, neither
bounded) with C?-boundary. Then for every z € OF, the nonlocal or fractional mean
curvature of OF at x (that we call NMC for short) is given by

Hg(x) = =PV /RN me(y)|lz —y|" N dy .= —lim me(y)|le—y|" Nt dy (1.1)

0 J1y—a|>e

and is well defined. Here and in the following, we use the notation

e(Yy) = 1e(y) — 1e(y),

where E° is the complement of E in RY and 14 denotes the characteristic function
of A. In the first integral PV denotes the principal value sense, and sometimes will
be omitted. The minus sign in front of the integrals makes that balls have constant
positive NMC. For the asymptotics a tending to 0 or 1, Hg should be renormalized
with a positive constant factor Cy,. Since constant factors are not relevant for the
results of this paper, we use the simpler expression in (L.I)) without the constant Cly .

The following is a more geometric expression for the NMC. We will not use it in this
paper. We have that

Hela) = =PV [ Jo=yl 0 =) ota) dy (1.2
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where v(y) denotes the outer unit normal to E. This follows easily from (L)) after
an integration by parts using that V, - {(z — y)|z — y| ¥} = alz — y|~ ¥, On
the other hand, [I] introduces the notion of nonlocal directional curvatures —neither
used in this paper.

The nonlocal mean curvature is the Euler-Lagrange equation for the fractional peri-
meter functional, as first discovered in [7]; see also [20]. Nonlocal minimal surfaces are
hypersurfaces with zero NMC and were introduced in 2009 by Caffarelli, Roquejoftre,
and Savin [7]. They are the limiting configurations of some fractional diffusions —for
instance, of the fractional Allen-Cahn equation; see the exposition in [26] and its ref-
erences. The seminal paper [7] established the first existence and regularity theorems.
Within these years, there have been important efforts and results concerning nonlocal
minimal surfaces, the following being the main ones. Here we refer to minimizing non-
local minimal surfaces —a smaller class than that of surfaces with zero NMC. When
a is close to 1, Caffarelli and Valdinoci [8,9] proved their C'7 regularity up to di-
mension N < 7. This, together with the subsequent results of Barrios, Figalli, and
Valdinoci [4], leads, for « close to 1, to their C*° regularity up to dimension N < 7.
For N =2 and any «, Savin and Valdinoci [22] established that they are C*°. Figalli
and Valdinoci [19] have proved that if they are Lipschitz in RY, then they are C*°.
Finally, Dévila, del Pino, and Wei [I4] initiate the important study of nonlocal minimal
cones in any dimension, characterizing the stability or instability of a-Lawson cones.
Besides, they also construct surfaces of revolution with zero NMC, for instance the
fractional catenoid. Still, apart from dimension N = 2, there is a lot to be understood,
mainly for the classification of all stable nonlocal minimal cones.

Instead, to our knowledge, there are no works on CNMC hypersurfaces, that is,
hypersurfaces with constant nonlocal mean curvature. The purpose of this article is
twofold. We establish results both of Alexandrov and of Delaunay type for the nonlocal
mean curvature.

Our first result is the nonlocal or fractional counterpart of the classical result by
Alexandrov [2] on the characterization of spheres as the only closed embedded CMC-
hypersurfaces. The precise statement is the following.

Theorem 1.1. Suppose that E is a nonempty bounded open set with C*P-boundary
for some B > a and with the property that Hg is constant on OFE. Then E is a ball.

After completing our proof, we have learnt that this result has also been established,
at the same time and independently of ours, by Ciraolo, Figalli, Maggi, and Novaga [10]
—a paper in which they also prove stability results with respect to this rigidity theorem.

Our proof of the result relies on the moving planes method introduced by Alexan-
drov in [2]. We also use a formula for the tangential derivatives of the nonlocal mean
curvature, Proposition 2.1l below. In contrast with the classical case, there is no local
comparison principle related to the fractional mean curvature. However, nonlocal el-
liptic operators enjoy (by their definition) a very strong global comparison principle.
One of its consequences is the following. Connectedness of F is obviously a necessary
assumption in classification results for CMC-hypersurfaces, whereas the assumptions of
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Theorem [L.I] allow for disconnected sets E with finitely many connected components.
Related to this result is the one in [I8] where fractional overdetermined problems are
studied on smooth bounded open sets using moving plane techniques and comparison
principles. See also [12].

The second purpose of our paper is to establish a nonlocal analogue in the plane of
the classical result of Delaunay [16] on periodic cylinders with constant mean curvature.
We study sets £ C R? with constant nonlocal mean curvature which have the form of
bands or “cylinders” in the plane

E ={(s1,8) € R?: —u(s1) < sy < u(s)},

where u : R — (0, 00) is a positive function. In contrast with classical mean curvature,
we note that a straight band {—R < sy < R} has positive constant nonlocal mean
curvature. This can be easily seen either from (LI) or from (L2]).

We establish the existence of a continuous family of bands which are periodic in the
first variable s;, have all the same constant nonlocal mean curvature, and converge to
the straight band. The width 2R of the straight band will be chosen so that the periods
of the new bands converge to 27 as the bands tend to {—R < so < R}. Our result is
of perturbative nature and thus we find periodic bands which are all very close to the
straight one.

Therefore we show that, in the nonlocal setting, these objects already exist in di-
mension 2 —while they only exist in dimensions 3 and higher in the classical CMC
setting. Our precise result is the following.

Theorem 1.2. For every « € (0, 1) there exist R > 0 and a smallv > 0, both depending
only on «, and a continuous family of periodic functions u, : R — R parameterized by
a € (—v,v), for which the sets

E, = {(s1,52) € R?: —uy(51) < 89 < ua(s1)}

have all the same nonlocal mean curvature, equal to a constant hg > 0 depending only
on «, and converge to the straight band {—R < sy < R} as a — 0. Moreover, E, # Ey
fora #d, u, has minimal period 2w/ a) if a # 0, and the periods

2 /N(a) — 27 as a — 0.

In addition, u, is of class CYP(R) for some 3 € (a, 1), even with respect to s; = 0,
and of the form

a
Aa)
with v, — 0 as a — 0 in the norm of CYP(R), and with v, = v,(0) satisfying
fo% va(0) cos(a) do = 0.

uq(s) = R+ {cos (A(a)s) + va(A(a)s)} (1.3)

The smoothness of these curves, and in general of graphs in R with constant NMC,
follows from the methods and results of Barrios, Figalli, and Valdinoci [4] on nonlocal
minimal graphs.
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In a forthcoming work, [5], we treat this Delaunay type result in RY. In [5] we will
also show further properties of the CNMC curves sy = u,(s1); for instance, for a > 0,
they are decreasing in (0,7/A(a)) (the first half of their period).

For a related nonlocal equation, but different than nonlocal mean curvature, the
recent paper [I5] by Davila, del Pino, Dipierro, and Valdinoci establishes variation-
ally the existence of periodic and cylindrical symmetric hypersurfaces. These surfaces
minimize a certain fractional perimeter under a volume constraint.

Regarding nonlocal minimal curves in the plane, let us mention here that Savin and
Valdinoci [22] have proved that the only minimizing nonlocal minimal curves in the
plane are the straight lines. A minimizing nonlocal minimal curve is the boundary of
a set that minimizes fractional perimeter in compact sets (and, in particular, has zero
NMC). Another important rigidity theorem is that of Figalli and Valdinoci [19] estab-
lishing that, in R3, nonlocal minimal graphs of functions u : R> — R are necessarily
planes.

To prove Theorem we use the Lyapunov-Schmidt procedure. We were inspired
by the results on periodic solutions in Ambrosetti and Prodi [3], as well as in our
work in a simpler setting (the semilinear one) that we are carrying out in [6]. The
first step in the proof, as in the case of nonlocal minimal cones in [14] and nonlocal
minimal graphs in [4], is to write the NMC operator acting on graphs of functions
—the functions u, above. The result is a nonlinear fractional operator of quasilinear
type acting on functions u = u(s) —see the operators (@1l), (@), (£I4), and ([EI4)
below. Its linearization gives rise to the fractional Laplacian (—A)(+%)/2 and some
convolution operators. We use both Fourier series and Holder spaces to treat all these
operators. Let us mention that the implicit function theorem in weighted Holder spaces
has already been used in the important study of nonlocal minimal cones by Dévila, del
Pino, and Wei [14].

Related to our work, the nice papers by Sicbaldi [24] and by Schlenk and Sicbaldi [23]
establish the existence of periodic and cylindrical symmetric domains in RY whose first
Dirichlet eigenfunction has constant Neumann data on the boundary. This is therefore
a nonlinear nonlocal operator “based” on the half-Laplacian or Dirichlet to Neumann
map. Their papers also use the Lyapunov-Schmidt procedure.

The articles [13/[17] also use the Lyapunov-Schmidt method, here for some semilinear
fractional elliptic equations.

Our paper is organized as follows. The following two sections concern the Alexandrov
type result. Section 2 treats the moving planes method, while section 3 establishes a
formula for the tangential derivatives of the NMC. Sections 4 to 6 are dedicated to
the Delaunay type result. The first one sets up the nonlinear nonlocal operator to be
studied, as well as the Lyapunov-Schmidt procedure and functional spaces to be used.
Section 5 is devoted to the study of the linearization of our nonlinear problem, while
section 6 establishes the C' character of our nonlinear operators.
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2. THE MOVING PLANE ARGUMENT

This section is devoted to the proof of Theorem [T We need the following proposi-
tion which might also be useful for other problems. It gives a formula for the tangential
derivatives along OF of the NMC.

Proposition 2.1. If E C RY is bounded and OF is of class C*P for some B > «, then
Hg is of class C' on OF, and we have

&Hﬂ@=%N+®PV/QnﬂMf—mW””M@—y%v@
RN

forx € OF and v € T, 0F.

Here, T,,0F denotes the tangent space to OF at x. Since the proof of this proposition
is somewhat technical, we postpone it to section 3. With the help of this proposition,
we may now complete the

Proof of Theorem[I 1l Since the fractional mean curvature is invariant under reflec-
tions, translations and rotations, it suffices to show that every set £ C RY satisfying
the assumptions of Theorem [[T] is convex and symmetric in x; after a translation in
the x;-direction. To prove this, we introduce some notation. As usual, we let v denote
the unit normal vector field on OF pointing outside F.

For A € R, we let Qy : RN — R¥ denote the reflection with respect to the hyperplane
{z1 = \}. Moreover, we put E* := Q,(F) and

E* ={r € E*: 21 < )\}.

Note that E* = @ if A > 0 is sufficiently large, whereas E* = E* ¢ E if —\ is
sufficiently large. We define

ANi=inf{\ e R : E¥ C E for p >\, and v1(x) > 0 for all x € OF with z; > \}.
We claim that

E=E". (2.1)
This will complete the proof of the theorem. To prove the claim, we first note that
EYN CE, (2.2)

since OF is of class C?. Moreover, by standard arguments detailed e.g. in [21, Section
5.2] (see also a sketch of the argument in Remark below), there exists a point
x € OF having one of the following properties:

Case 1 (interior touching): x; < \* and x € OE*".
Case 2 (non-transversal intersection): x; = \* and e; := (1,0,...,0) € T, E.

We treat these cases separately, and we adjust the notation first. For simplicity, we
will write A instead of A* and () instead of ) = @)~ in the following. Obviously, we
have that

TE = Tpa in £N E* and in RV \ (EU EY), (2.3)
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whereas
T = —Tpx = 1in E\ E* and Ty = —7p = 1in B\ E. (2.4)

We now let H denote the half space {x; < A}, and we note that, by (2.2)) —recall that
A=\,
E\E*CH and E*\E=Q(E\E" CQH).
Finally, for ¢ > 0 and 2 € R" the point in either Case 1 or Case 2, we set
Al ={yc E\E": ly—2|>c} CH and A?2:={yc EMFE:|ly—z|>c} CQH).
We first consider Case 1: From (23) and (2.4]), it then follows that

1 1

0= 5 (Hp(Q@)) ~ Hp(w)) = 5 (Hps () — Helo))

1

= §PV/ (T(y) — T2 (y)) |z — y| "V dy
RN

= 1im</ =y dy — / | —y|m ) dy)
e—0 A% Ag

=lim [ |z -y dy - / | =y dy.
=0/ a ENE

Here we have used that OF and OE* are sets of measure zero since OF is C?, and the
fact that the second integral in the last line exists since x € H and E* \ E C Q(H).
Thus, by monotone convergence we have

/ |l’—y|_(N+a) dy:hm/ |$_y|—(N+a)dy:/ |:L"—y|_(N+°‘)dy
EMNE e—0 Al B\

and therefore

0= / & —y|” N dy — / [ =y~ dy
E\E> EMNE

= [ (=l = Q)

Since £\ E* C H and |z — y| < |z — Q(y)| for y € H, we deduce that |E\ E*| =0
and thus F equals E* up to a set of measure zero. Since both £ and E* are bounded
sets with C? boundary, we conclude that E = E*, as claimed in (Z.1]).

We now consider Case 2: Since e; := (1,0,...,0) € T,ENT,E* and Hg (respec-
tively, Hy») are constant functions on OF (respectively, dE*), we have 0., Hg(z) =
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Oy Hpr () = 0. Applying Proposition 2] and recalling (23] and (24]), we find that

= (N+a) 1ng</1(A —y)le —y[TVTE dy — /2(A )l — " )
a1 Az

=(N+a)1im(/ IA—y1||93—y|‘(N+2+a)dy+/ IA—y1I|x—y|‘(N+2+a)dy>.
e—0 A}: Ag

Hence it follows that

N+2+a) dy —0.

lim [ (A= yfle -yl
e—0 Aé
Since A;, D A; for 0 < &’ < e and the integrand is a continuous positive function in
Al C H, this implies that |Al| = 0 for every e > 0 and thus |E\ E*| = 0. As in Case 1,
we conclude that £ = E*, as claimed in (Z.1]). O

Remark 2.2. Here we sketch the argument showing that either Case 1 or 2 in the
previous proof must happen when A\ = \*.

Let us denote points by x = (x1,2') and, for every \, T* := {2’ € RN~1: (\,2/) €
E} c RN=! By the definition of \* it is clear that, for every 2/ € T, the set
{ry € R: 2y > X\* and (x1,2") € E} is an open interval. Therefore, since in addition
vi(z) > 0 for all € OF with z; > A* (by definition of \*), we have that

OE N (x> N} = {(¢V(2)),2)) : ' € TV} (2.5)

for a C' function ©*" on the open set 7% C R¥~!. The previous statement follows
from the inverse function theorem.

Suppose now that Case 2 did not happen. Then, we would have v;(z) > 0 for all
r € OF with x; > A\*. Thus, by the inverse function theorem, ¢ would be C' up
to the boundary 97", The implicit function theorem also gives that [ZH) would also
hold with \* replaced by p if € (A* — 6, \*) for some small § > 0 —with ©*" replaced
by a new C! function ¢*.

Hence, for a smaller n > 0, the reflection of {E N {p < z1 < A\* +n}} with respect
to {z1 = p} is still contained in E, if p € (A* —n, \*). Now, the reflection of K :=
EN{x; > X+ n} with respect to {x; = A\*} is a compact set contained in E. If we
assume that Case 1 neither happens, then K N 0F = @ and thus K is at a positive
distance from OF. By continuity, it follows that all reflections of K with respect to
{x1 = p} are also contained in E for u € (\* —n/, \*) (for a perhaps smaller ' > 0).
This is a contradiction, since then E" C E for u € (A* — 7/, \*), contradicting the
definition of \*.
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3. TANGENTIAL DERIVATIVES OF THE NMC. PROOF OF PROPOSITION [2.1]

In this section we prove Proposition 21l Let £ C RY be bounded and such that OF
is of class C%” for some 3 > a. As before, we let v denote the unit normal vector field
on JF pointing outside E.

Lemma 3.1. For e > 0 sufficiently small, the function

H.:RY - R,  H.((z)= —/ me(x 4 2)|2| Y dz
EEE

is of class C* with

H. _ _
%x () = —(N+a)/ Te(z+2)| 2|~V Y 2 de+ e (N+1+")/ T5(1+ 2)2 do(2)
i 2| Jol=e
(3.1)
fori=1,... N.

Note that the boundary integral in (8]) vanishes if 0B.(z) C E or 0B.(x) C E*.

Proof. Since E C RY is bounded and OF is of class C?#, we have, for € > 0 sufficiently
small,

HYNYOB.(z) NOE) =0  for all z € RY (3.2)

—that we will assume from now on— and also that the boundary integral in (B.1]) is
continuous in z.
Let 7, € CL{(RY), n € N, be chosen such that

|7, <1 inRY for alln € N (3.3)
and such that
Th — TE uniformly on compact subsets of RY \ 0. (3.4)

Moreover, for n € N, we consider
RN SR, h(x) = / Tl 4+ 2)] 2|7 gz
|z|>e

By a standard application of Lebesgue’s theorem, A" is of class C'!, and by integration
by parts we have

Oh (x):/ O (1 4+ 2) ||~ iz
|

81’7; z|>e 8ZL’Z

= (N +a) / T + 2)]2| WD 4 gy — g=(VH1Fe) / To(x + 2)zi do(2).
|z|>e

|z[=¢

Let R > 0. From ([B3) and (3.4, it easily follows that

sup / |7 (z 4+ 2) — Te(x + 2)|dz = 0 as n — oo for every p > ¢,
le|<RJe<|z[<p
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and by using ([3.3) again this implies that

—0 as n — oo (3.5)

sup
|z|<R

fori=1,..., N. A similar argument, using ([B.2]), (B:3)) and (34, shows that

/ (Ta(@ + 2) — To(z + 2)) |22 2 dz
|z|>e

sup / (Tu(z + 2) — T(z + 2)) 2 dz‘ —0 asn— o0 (3.6)
2| <R J|z|=¢
fori=1,..., N. Since also h" — —H_ as n — oo uniformly in Bg(0), it follows that
H. is of class C'' in Bg(0) with partial derivatives given by (B.I]). Since R > 0 was
arbitrary, the claim follows. O

In the following, we set
Alee)={zeRY : & <zl <e} for0<e <e.
Lemma 3.2. There exist g > 0 and C > 0 with the following property. For every
r eIl veT,0F and 0 < &’ < e < g9 we have
’/ TE(x+z)\z|_(N+2+a)z~vdz‘ < Clv|e’= (3.7)
Aee)

and

’/m:a (4 2)z v da(z)‘ < CloleN+1h, (3.8)

Proof. Without loss of generality, we may assume that z = 0, v = e; and v(0) = ey.
For € > 0, we consider the sets

BNl ={yeRY!' :|yl<e} and C.:=BY"!x(—¢¢) CR",

so that we have the inclusions
Al e)c B.(0)cC.  for0<e <e.

Since OF is of class C*7, there exists g9 € (0,1] and a C*P-function h : BN ' — R
with ~(0) =0, VA(0) = 0 and such that

Ceo NOE = {(y,h(y)) : y€ BI '}

CoNE={(y,t) : ye BI™, t <h(y)};

Coy NE={(y,t) : y€ BI™, t > h(y)}.
Moreover, making ¢y smaller if necessary, we find ¢ > 0 such that

N
)h(y) - q(y)‘ <yt forye BYTH with q(y) == > 9;h(0)yiy;.

ij=1
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Next, for 0 < &’ < e < gy, we split A(¢’, ) into the subsets
AT(e o) = {(y. ) € A€ €)  t > qly) + cly|*} C B,
AT(ehe) = {(y.t) € A€ e)  t <qly) —cly**"} C B,
A% ) = {(y.1) € A¢,2) = aly) — cly[* <t < aly) +cly[*7}.

Since the sets A*(¢’, ¢) are invariant under the reflection (y,t) — (—y,t) and Frp =1
in A*(¢’,¢), we find that

/ TE(Z)\z|_(N+2+a)z1 dz = :F/ |Z‘—(N+2+oz)z1 dz = 0.
A% (e e) A% (e e)

We thus have that

)/ ~(N+2+a) . S/ ERGasOrE
A(g E AO(E/,S)

(y)+cly|*+P
/ / (g, 1)) i dy < /
B2~ Ja(y)—cly[+7 B~

€

© 2cwWp_
= 20/ |y| NI ady = 2¢ wN_g/ phro-lgy = Z N2 o
BN-1 0 ﬁ —

where wy_s denotes the surface area of the unit sphere in RV~1.
To see [B.8)), we split 9B.(0) C RY into the subsets

S*(e) == {(y.t) € 9B(0) : t > q(y) + cly|**"} c E°,
S7(e) :={(y,t) € 9B(0) : t < qly) — cly|**"} C E,
S%e) == {(y,t) € 0B=(0) : q(y) — cly[*** <t < qly) + cly/**"}.

Since the sets S*(g) are invariant under the reflection (y,t) — (—y,t) and F7g = 1 on

S*(e), we find that
/ TE(2)z1do(z) = :F/ 2z do(z) =0
S*(e) S%(e)
and therefore

‘/8& (2)2 do(2)

with
S(e) =A{(y.1) € 0B:(0) : eqly) — e Ply[*7 <t < eqly) + e Jy[**7}
To estimate HY~'(S*(¢)), we fix ¢ > maxgp, (o) |¢| and recall that e < ey < 1. Thus
for (y,t) € S'(e) we have |t| < &(7+ ¢), and hence
Y Y ) o
o — 4@ = la@pIA = 1o1) = la(p DI < 9@+ = ere”

Y|

q(y)+ely>t*
|y|—(N+1+a) / dt dy
1
(

q(y)—cly|>*+#

< / 2| do(z) = eHN (S (e)) = NHN TSN () (3.9)
50(e)
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with ¢; = q(q + ¢)? and therefore, with ¢y := ¢; + ¢,

6q(£) —ce!tP < 6q(%) —ce® — e < eqly) —esP <t <L

]
< sq(ﬂ) + ot
]
Denoting by S¥~2 the unit sphere in R¥~!, we may thus estimate
+02€1+ﬁ
HN (S (e / / (1= dtdp.
SN=2 Jeq(p)—coelth
If N > 3, this implies that
HYTH(SY(e)) < / 2056 dp = 2y wy 9™,
GN—2
whereas in the case N = 2 we have
- 3
1—1)"2 <(1-cXg+c)?) 2 <2 for(y,t) € SHe)ife < "
2(q+¢)

and therefore

RE

%N_1(51(€)) < / 402€1+B dp = 402 (.UN_QEH_B if e <
SN-2

2(q +¢)
Combining this with (39) and assuming without loss that gy < 2(?7/3@’ we find in
both cases that
’/ 2)z1 do(2)| < deywy_g NP for 0 < € < g.
0B.(0

Since OF is compact and of class %™, the constants €, ¢, ¢ can be chosen indepen-
dently of z € OF, and then also ¢;, ¢y > 0 do not depend on x € 0E. Hence both (B.1)
and (B.8) hold with C' := wx_ max{ﬁz_—ca,élcz}. O

Proof of Proposition 2] (completed). Let (er)r be a decreasing sequence of positive
numbers with ¢, — 0. For k € N, we consider the functions

Hy:0F — R,  Hp(z) = —/ m5(x + 2)|2| O dy.
|z|>ek

We then have that
klim Hy(r) = — lim 5(y)|z — y|" V) dy = Hp(z) for x € OF.
— 00

k=0 lz—y|>er

Moreover, we may pass to a subsequence such that all functions HE are of class C'* on
OF by Lemma Bl Moreover, for a given C'-vector field v on OF and k € N, we have
Doy HE(2) = p¥(2) + o (2) for x € OF with p*, 0" : 9E — R given by

pM(x) = —(N+a)/ ez + 2)|2| "NV 2y (x) dz
|z|=ek
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and
o*(z) = 5;(N+1+a) / Te(x + 2)z - v(x)do(z).
|z|=¢

Since 8 > «, Lemma implies that (p*)z, k& € N is a Cauchy sequence in C(OF),
whereas o* — 0 uniformly on OF as k — oo. Moreover, a standard sequence mixing
argument shows that, independently of the choice of the sequence (e ), we have

lim p*(2) = —(N + a)lim me(x + 2)|2| "NV y(x)dz for z € OE.
k—00 e—0 |2|>e
Since the vector field v was chosen arbitrarily, it thus follows that Hp is of class C*! on
OF with
Oy Hp(z) = lim p*(z) = —(N + @) lim me(z 4 2)|2| VY 2 u(2) dz

k—o00 e—0 ‘Z‘>€

= (N +a) 1i_>n(1] - ()| — y|" V) (¢ — y) - o(z) dz,
€ T—y|>e

as claimed. O

4. PeEriopic CNMC CURVES IN R?

In this section we set up the Lyapunov-Schmidt procedure to prove Theorem on
Delaunay-type curves with CNMC in the plane, that is, curves with constant nonlocal
mean curvature. The full proof of the theorem will be completed in this and the
following two sections.

The following easy lemma gives a formula for the nonlocal mean curvature of a set
given by {—u(s1) < s2 < u(s1)} in terms of the positive function u = u(s). The same
computation already appears in [4,[14].

Lemma 4.1. If E = {(s1,52) € R? : —u(s1) < s3 < u(s1)}, where u: R — (0,00) is a
function of class CY* for some B € (a, 1) such that 0 < my < u < my for two positive
constants m;, its nonlocal mean curvature Hgy —that we will denote by H(u)— at a
point (s,u(s)) is given by

s = [ 7 (“(8> —uls ”) au(t)

2 t
) =) -y
u(s) + u(s —
—/ {F( ) —F(—l—oo)} du(t),
R 2]
where the integrals are to be understood in the principal value sense,
dt
du(t) = —— 4.2
) = ot (12)

and

F(q) = /Oq (diT%_a (4.3)

1+72)7
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In the fractional perimeter functional (whose Euler-Lagrange equation is the NMC
operator), the first integral in (ZI]) corresponds to the interactions of points in the
upper curve {so = u(sy)} of {—u(s;) < sy < u(sy)} with points in the same upper
curve. The second integral corresponds to interactions of points in the upper curve
with points in the lower disjoint curve {ss = —u(s7)}.

Proof of Lemma [{.1. We have that

CH(u)(s) — 1g((s1,82)) = 1ge((51, 52)) s dse — s s) ds
H0) = | i e @i = [ 1),

where 1, denotes the characteristic function of A, and

u(s1) —u(s1) +00 ) ) —HTQ
I(s,51) = dsy — dsy — dsy p ((s = s1)* + (52 — u(s))?)
—u(s1) —00 u(s1)

u(sl) Sg — U(S) 2\ 2
= 2/ dsy — / dsy p|s —sp| 73 [ 1+ (7)
—u(s1) R |S - 81|

Then, with the new variable 7 = (s2 — u(s))/|s — s1|, one gets

u(sy)—u(s)

T ls—syl N
I(S’ 81) = |S - sl|_(1+a) (2 /u(sl)i(S) dr _/]Rl dT) (1 + 7_2)_2%

[s—s1]

= |s_81|—(1+a) {2 (F (M) _F (M)) — F(+00) —I—F(—oo)}

|s — 1| ls — 1|
_ ofs — sy|-0+a) {F (M) _F (M) N F(+OO)} ,
|s — s |s — s1]
Changing the variable s; = s — ¢, we arrive at the expression of the lemma. U

With the use of formula (41]) we can compute the NMC —that we denote by hp—
of the straight band of width ug = 2R:

H(ug) = —2 /R {F (%) - F(+oo)} du(t) = hp > 0. (4.4)

Note that the functions u, = u,(s) in (3],
uq(s) = R+ %{cos (As) +va(As)},  with A = A(a),

have a period that may change with a. It will be very convenient, in order to apply the
implicit function theorem, to work with functions all with the same period 27. Thus,
we rescale the variables s = s; and u(s) = sy and see how the NMC changes after
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rescaling. Since the NMC is a geometric quantity, the following comes as no surprise.
If, for A > 0, w*(s) := Aw(s/\), then with the change of variables 7 = t/\ we see that

Aw(s/N) — dw((s —t)/N)
H(w)(s) :2/RF< m ) dpu(t)

_ Q/R {F (Aw(s/” + (s - t)/k)) - F(+oo)} du(t) = A= H (w)(s/).

12

Thus, we must look for functions u = (u,)” of the form
u(s) = AR + a{cos(s) + va(s)}, (4.5)

with v, even, 2m-periodic, and orthogonal to cos(-) in [0, 7]. In addition, since we want
the NMC for the band given by u, to be hr, we need that H(u) = A\™*hg. Thus, from
(#£4) and making below the change of variables t = ¢/, we see that u must satisfy

SH) = A hy= A / {FQR/|t]) - F(+00)} du(t)

o dt
= (1 —I—T T // (1 —I—T % dr =
//R/t| |t|1+a 2\R/ 7] ||+
= /du()/ (1+72) 2" dr / / (1+ 722" dr
R 2AR/[7| 2AR/t|

— —/R{F(Q)\R/M)— F(400)} du(t).

Finally, recalling the expression ([T for H(u), we conclude that the function u given
by ({3) must satisfy the equation

[ { (M=oY _fp ()t ulomt)) (MY ) o, ay

Recall that we look for solutions of this equation of the form
u(s) = AR + af{cos(s) + va(s)} = AR + ap(s).
In our proof, after a Lyapunov-Schmidt reduction, we will apply the implicit function
theorem at a = 0, A = 1, and v, = 0 —taking v, orthogonal to cos(-) in L?(0, 7). This
will give us A and v, as functions of a. To have the linearized operator to be invertible
and be able to use directly the implicit function theorem, it is necessary to divide

equation (6] by a (as in [6] and as in the classical paper by Crandall-Rabinowitz [11])
and work with the new operator

Boro)(s) = [ 1F ( ols) —ols ‘“) au(t)

a I

[ ) ()
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We need to solve the nonlinear equation
O (a, A, p) = 0.
Let us introduce the functional spaces in which we work. We take 8 such that
0 <a<pf <min{l,2a+1/2}. (4.8)

The condition § < 2« + 1/2 is technical (to simplify a proof on regularity) and could
be avoided. Consider the spaces

LB . . 1.8 ; i
X =C7Ll={¢:R=R: ¢ C”(R)is 2m-periodic and even} (4.9)

and

Vi=CpP={p:R—>R: ¢ C¥ *R) is 2r-periodic and even}. (4.10)
Note that if ¢ € X, then

¢'(0) = ¢'(m) = 0.

Since the functions in these spaces are even and 2m-periodic, we can take as norms
| ||x and || - ||y, respectively, the C1#([0, 7]) and C%#~<([0, 7]) norms. That is,

"(s) — (5
lollx = el om + 19l mom + sup (£ =G (4.11)
0<s<s<m |S - S|B
and 5 o
(s) — 6(3)

Olly = ||| Lee + su
121y = (|l 2 0,m) 50 i pe

We must study the operator
é(aa )‘7 QO) = (I)l(a'> QO) - (I)Q(a'> )\a 90)’

where

D1(a,0) = / L F(ad_p) dp),

Bo(a, \, ) = /R % {F (% 4 a%f) e (%) } du(t),  (412)

and we define

(5_()0(8, T,) — QO(S) _|f‘(8 B t)’
5op(s,t) = £ _‘jj(S 1) (4.13)

(64 does not appear above, but it will be used later), and

dowp(s,t) = p(s) + (s — t).

The previous operators —and their equivalent expressions below— are seen to be
well defined (some in the principal value sense) in section 6, where we will establish
much more: their differentiable character between the spaces X and Y above.
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To express the first term ®; of the operator in a nicer manner, observe that

1 1 [ dp a dr
Fi(a,q) ZIEF(GQ):—/O (7@2/0 (—2+a

a L+ p?)™ 1+ a?72)72
is a smooth function both of a and ¢, and also that F;(0,q) = ¢. Thus, we have that
Bi(a.9)i= [ Fila.dg) dut) (114)
where . 0
Fi(a,q) = /0 S (4.15)

Next, we deal with the second term @, in the operator ®. Recall that it is given by
expression ([£LI2]). Using the change of variables 7 = (2AR + adop 7)/|t|, we see that

1 1 [2AR+adop)/lt] dr
P (AR +adug) ) = F AR/} = 1 [ T
a a Jorgr)/|t| (1+72)7
dop

24a
i {1+ (2AR + adop7)/[t))°} * dF

1 —
_ |t|1+a50 / dT _—
0 {2+ (2AR + adop7)?}

Therefore,
Bo(a, , ) = / 5o Fa(t, a, \, Goip) dt, (4.16)
where lR -
Fy(t,a, \,r) = / T (4.17)
0o {2+ (2AR+ ar7)?} 2

Note that the measure in ([@I0]) is dt and not du(t) as above for ®1, and that dy is not
an increment but a sum which is not divided by [¢|.

Let us write our operator ® when a = 0. The following expression can be computed
from (A1) differentiating with respect to a at @ = 0, or can be obtained from (L.14]) and

2+a

(AI6) —taking into account that (t* + (2AR)*)~ "2 = F/(2\AR/|t|)/[t|*T®. We have
dt (RN dt
20005 = [ (006) = ol =) iz~ [ (0t +ets - () i

where, as always, the integrals are to be understood in the principal value sense.
We choose now R > 0 such that ®(a = 0,\ = 1, = cos(-)) = 0 holds, i.e., such
that

0= ®(0,1,cos(-))(s) = /R (cos(s) — cos(s — 1)) |t|iio‘

_/R(COS(SHCOS(S ))F/<2)\R) dt

2l ) fe>re

(4.19)
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for all s € R. We will see in Lemma below that there exists a unique R > 0,
depending only on «, such that ([@I9) holds for all s € R.

The next task is to study the linearized operator of ® at (a = 0,\ = 1, ¢ = cos(+)).
This will be done in all detail in next section. Let us say here that we will see that the
function

cos(+) belongs to the kernel of D,®(0, 1, cos(-)),
and this is why we must use a Lyapunov-Schmidt reduction corresponding to the
following subspaces of X and Y.

In L?(0, ) we consider the orthogonal basis given by {1, cos(+), cos(2-), cos(3),...}

and the subspaces

Vi = (cos(+)) and Va = (cos()) = (1, cos(2-), cos(3-),...). (4.20)
We also consider
X1 =XnNW, Xo =X NV, Yi=YnWh, Yo=Y N,

meaning for the first intersection, for instance, the functions defined in R belonging
to X such that, when restricted to (0, 7), belong to V. Denote the standard projections
by

H11Y—>Yi and HQY—>Y*2

Retaking our notation above, we look for functions ¢ of the form
©(s) = cos(s) +v(s), withve Xo.

We then write our operator acting on the function v € X5 as

P:ACRXRX Xy =Y, D(a, \,v) := d(a, \, cos(-) + v),
where A will be an appropriate open set containing (0, 1, 0).
The key result to apply the implicit function theorem is the following proposition.
It will be proved in the next two sections. The differentiability properties stated in the

proposition are proved in section 6 and ensure, in particular, that all operators and
integrals above are well defined. Recall that, by (£I9), we have that ®(0,1,0) = 0.

Proposition 4.2. There exists v > 0 small enough (depending only on «) for which
the operator ® = ®(a, \,v) : (—v,v)x(1/2,3/2) x B1(0) C RxRx Xy = Y is of class
C'. Moreover, the linear operator

(DA$7 D,@)(o, 1,0):Rx Xo =Y
1s continuous and invertible.

From this result and the implicit function theorem, Theorem follows immediately.

Proof of Theorem L4 As mentioned above, we have ®(0,1,0) = 0. Proposition
allows to apply the implicit function theorem and obtain the family of functions u, in
the statement of the theorem. All properties stated in the theorem follow immediately
from the setting described in this section, with the exception of the following two
statements that need to be justified.
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It remains to prove that the minimal period of u, is 27/A(a) if a # 0, and that
Ug Z Uy if a # a'. Let us start from the first statement. Clearly, it is equivalent to
prove that, after the rescaling, the function

u(s) = AR + a{cos(s) + va(s)},

with a # 0 and v, orthogonal to cos(-) in L?(0, ), has minimal period 27. This is an
easy task, by expressing v,(s) as a Fourier series ag+ Y, ai cos(ks). Now, if T"is the
minimal period of u, we must have

cos(s) +va(s) = cos(s+T') +v,(s+T)

= cos(s)cos(T) — sin(s) sin(T") + ag + Z ag{cos(ks) cos(kT') — sin(ks) sin(kT")}.
k=2
Multiplying the first and last terms in the above expression by cos(s) and integrating
in (0,27), we deduce that cos(7") = 1. Hence the minimal period is 7' = 2.

Finally, from this we can easily deduce that u, Z u. if a # o'. Indeed, if u, = uy
then their minimal periods would agree, and thus A(a) = A(a’). Now, this leads to
a = a, since uq(s) = R+ 5i5{cos(A(a)s) + va(A(a)s)} and va(0) is orthogonal to
cos(o) in L*(0, 7). O

5. THE LINEARIZED OPERATOR ACTING ON EVEN PERIODIC FUNCTIONS

In this section we study the linearized operator of ® at (0, 1, cos(+)) and we establish
the last statement on invertibility in Proposition For this, the main results that
we prove are collected in the following result.

Proposition 5.1. We have that

Dy®(0,1,cos(+)) = ycos(-) (5.1)
for some constant v > 0. On the other hand, for all ) € X,
Lt 1= Dp®(0,1,c08()) ¥ = Oy (~8) 00 = ([pPr) ¥ = Prxtb, (52)
where C(14qy/2 is the usual constant factor in the definition of (—A)HT& and

1 2R 1
I I {(2R)2 + |t} >
The functions ex(s) = cos(ks), k = 0,1,2,3..., are all eigenfunctions of L, with
eigenvalues satisfying
Ley, = )\kek, >\0 <0=XA< < )\3 < - and (53)

Ak
kl—i—a

As a consequence, we will have that the linear operator
(D@, D,®)(0,1,0) : R x Xy = Y

— floo >0 as k — oo. (5.4)
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18 continuous and invertible.

The rest of this section is dedicated to prove the above proposition and, in particular,
the last statement on invertibility on Holder spaces in Proposition
From (£I8)), we compute

dt
‘t|3+a

Dy®(0,1,0)(s) = — /R (cos(s) + cos(s —t)) F"(2R/|t|) 2R

o (5.5)

= —cos(s) /R (1+ cos(t)) F"(2R/[t]) 2R jt[3 e

The last simplification comes from the fact that cos(s—t) = cos(s) cos(t)+sin(s) sin(t),
sin(t) is an odd function of ¢, and F”(2R/|t|)|[t| 7 is an even function of t. Note
also that the last integral converges at ¢t = 0, since F”(2R/|t]) ~ [t|*"* near ¢ = 0.
Observe also that this integral is a strictly negative number, since 1 + cos(t) > 0 and
F"(2R/|t]) < 0.

From (B55) we deduce that

dt
[+

Dy\(I1;9)(0,1,0)(s) = — cos(s) /R (1 + cos(t)) F"(2R/|t]) 2R

and that this integral is negative, and also that

D, (IT1,®)(0,1,0) = 0.
As a consequence of these two statements on Dy (I1;®)(0,1,0), to establish the last

statement in Proposition [5.1] it only remains to prove that D,(IIo®)(0,1,0) is an iso-
morphism between X5, and Y. But, from ([@I8]), and with Pg as in the statement of
Proposition [B.], we have

Lw(s): = D,®(0,1,0)w(s)

= [ —uts =i~ [t +uts-oyr ()

i
= [ = s = 1) g5z = P ws) = (Prs w)(o)

— {C(_I}i—a)/2 (—A)HTQ'UJ — (JgPr)w — Pg x w} (s).

We emphasize that Pr € (C*° N L' N L*)(R) and that Pg(t) is an even function of .
The following simple result states that the functions cos(k-) are always eigenfunctions
of any convolution operator with an even kernel.

Lemma 5.2. i) If P € L*(R) is an even function and ex(s) = cos(ks), k =0,1,2,3.. .,
then

(P xeg)(s) = (g cos(kt)P(t) dt) ex(s)
for all s € R. In particular, e is an eigenfunction of the operator P x -.
ii) In a similar way, the functions ex(s) = cos(ks) are eigenfunctions of (—A) 2"
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Proof. 1) This is a simple calculation:
(Pxep)(s) = [geos(k(s—1))P(t) dt = [, {cos(ks)cos(kt) + sin(ks) sin(kt)} P(t) dt
= (g cos(kt)P(t) dt) cos(ks),

since P is even.
ii) For the fractional Laplacian, in the principal value sense, we have

/ cos(ks) — cos(ks — kt) / cos(ks) — cos(ks) cos(kt) — sin(ks) sin(kt)
dt =
o |2t w ]2+

dt,

and this last integral, in the principal value sense, is equal to

1 — cos(kt)
(/l% W dt) COS(I{?S),
as desired. 0

Thus,

1 — cos(kt) 1+cos(kt) _, (2R
Le, — i Sl P it S N it —
€k {/ |t|2 - dt /R |t|2 - |t| dt ¢ e, AL€ls

for k =0,1,2,.... Note that \g = — [; 2[t|>"“F'(2R/|t|) dt < 0. Now,

1 — cos(t) 1+cos(t) , (2R
M= | ——2dt— | ———F'(— | dt=0
1 /]R 2 /]R [t[**e I ’

since this value is the same as the factor multiplying cos(s) in expression ({19]), defining
R, and that we next take to be equal to zero. Thus, Lcos(-) = Le; = Aje; = 0.
Let us see now that there exists a unique R > 0 for which \; = 0.

Lemma 5.3. There exists a unique R > 0 —which depends only on a— such that

1 — cos(t) / 1+ cos(t) <2R)
M(R) = [ =W gy [ LS e (2R gy . 5.6
(= [ e T (56)

1+ cos(t) 2 <2R)
A/R:—/i—F” — | dt >0,
B == | T g\

and therefore \; is increasing in R. Second, applying the monotone convergence theo-
rem for integrals to

_ 1 —cos(t) 1+ cos(t) (2R)? -4
Aﬂﬂ—4{|mm o O+|w) }%

we deduce that A\(R) 7 [g lﬁf;(fff) dt > 0 as R — +oo, and also that A\{(R) \,
Iz —ﬁ;gi(? dt = —oco as R — 0. Thus, the result is proved. O

Proof. First,
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Let us see now that the sequence A, is increasing in k, and that therefore we have
A <0=MX <Xy < A3 <---. Indeed, using the change of variables ¢t = kt,

A = /R{(l — cos(kt)) — (1 + cos(kt))F'(2R/|t])} HFZ%

Ita —cos(t)) — cos(t U\ T _di = kite
) {(1 ) - (1 cos®) (14 0 ) }WM E o,

where we have defined

] ; AR\ T di
i = /R {(1 —cos(t)) — (1 4 cos(t)) (1 + 2 ) } T

But both k'*® and p;, are increasing in k. And, by the monotone convergence theorem,

] AR\ T
— 1 t 14+ ———— —— 70
fovestn (145557) s 2

as k — 4oo. Hence py, — [ 1‘;“;?9 dt =: jise > 0. Thus, and this will be crucial in

the next argument,

Y

kl-{—a

From (G3), Lcos(-) = 0, the asymptotics (5.4]), and the definition of fractional
Sobolev spaces in terms of Fourier coefficients, we deduce that

— oo >0 as k — +oo.

Ly, = yLyy, : HI};“ NVy— L]2),e NV, is continuous and invertible,

where H )t denotes the space of functions which are even and 27 periodic in R and
belong to the Sobolev space H'* in bounded sets of R. The same definition applies
to L2 ,.

To complete the proof of Proposition 5.1l we need to show that L is also continuous
and invertible from X5 onto Y. The fact that L sends X, to Y continuously (and thus
into Y3), follows from Lx, = D,®(0,1,0) and the first part of Proposition (to be
proved in next section) stating that ® is C* from its domain in R x R x X, into Y.

It remains to establish that L is invertible in these spaces. For this, given f € Y5,
since then f € L2, N V3, we know that we can find a unique w € H}t* NV, (using
Fourier series and the eigenvalues )\, above) such that Lw = f. Recall that L is given
by

14+a

Lw=c¢(—A) 2 w—cow— Pr*xw

for some positive constants ¢;. Hence, Lw = f can be written as

14+«

c(=A) T w=cow+ Ppxw+f inR. (5.7)
Since w € H;Jgo‘ and Pg is smooth and integrable, we have that Prxw € H;fga. Use now
that Hz}fg“ cCY = Cg;eﬁ_o‘ by Morrey’s embedding, since 1 +a—1/2=1/24+a > -«
—recall ([£.8).
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Therefore, the right hand side of (G.1) belongs to Y = C0/~*. By standard Hélder
regularity for the fractional Laplacian —see Proposition 2.8 of [25]—, it follows that
we X = C;jg“ﬁ .

6. DIFFERENTIABILITY PROPERTIES OF THE NONLINEAR OPERATOR ACTING ON
EVEN PERIODIC FUNCTIONS

To prove the differentiability properties of the operator ® = ®(a, \,v) stated in
Proposition [4.2], it is sufficient to establish that

O =P(a,\,p): (—r,v) x(1/2,3/2) x Bjp(0) CRxRx X - Y

is of class C''. Here one should recall that ¢ = cos(-) + v and note that, by (ZII]),
|cos()|lx <1+1+7<9.

We start studying the first term, @4, of the operator —which is the most delicate. It
turns out to be a nonlinear version of the fractional Laplacian (—A) 3% More precisely,
by expression (6.2)) below, it is a quasilinear version of the fractional Laplacian —
the second order increments in ([6.2]) are multiplied by a nonlinear “coefficient” Fj
depending only on the first order increments. Expression ([G.2]) will be most useful to
deduce all properties of ®;.

Instead, @5, that we study later on in this section, is a nonlinear and nonlocal zero
order operator —recall that is given by ([AI6]). For instance, we will see that ®5 sends
the space of Lipschitz functions into itself.

We start studying @1, given by (4L.I4)-([{EI3),
Bi(a.0) = [ Fila,5-p) dult) (6.1)
R

7 dr
Flaq) = | — 2
1(@9) /0 (1+ a27'2)2+7

Lemma 6.1. The operator ®; = ®1(a,p) : R x X — Y is of class C'.

Proof. Changing ¢t by —t in (6.]) and using that 0_¢(s, —t) = d (s, t) (recall (LI3)
for the definition of d, ), we have

where

1
®1(0.9) = 5 [ (Fias5-9) + Fila02)} ).
R
Denoting
g=0-p and p=9iip,
we have
Fi(a,q) + Fi(a, = / / } {/ / }
1@9) 1(a,p) { 1+a27'2 —p 1—|—ot27'2 N

q p
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Making the change of variables 7 = —p + (¢ + p)7, we have that Fi(a,q) + Fi(a,p) =
(¢ +p)Fs(a, g, p), where
1 —
dr
Fy(a,q,p) = / -y
O {1+a(—p+(¢g+p)7)°} °

Therefore, we conclude that

@(a.0) = 3 / (6 +6,) Fala,60.6,) du(t). (6.2)

This is the expression that will be useful to establish the lemma.
We first collect several important inequalities for functions in X. For all ¢ € X and
real numbers s,5, and ¢, we have

[0_p(s, )] + [010(s, )| < 2|l¢llx, (6.3)
[(0_p + 610) (s, 1)| < 2ol [t]°, (6.4)

and
050(s,t) — 6x0(5. )] < [lllx s — 5] [¢]7. (6.5)

Inequalities (6.4) and (6.0 are the crucial point to prove that ®; and its derivatives
send functions in X to functions in Y. This will be accomplished with the inequali-
ties following (617]) —an argument in Holder spaces already used in [25] for the pure
fractional Laplacian.

While (63)) is obvious, (64]) is easily proved as follows:

0(s) — o(s — ) + () — p(s + )] = |- / d%so(s—mdp— / d%SO(Sert)dp‘

/01 {¢/(s —pt) — (s + pt)}tdp‘

IN

1
/0 lellx [20t]°]t] dp < 2]l [H7*.
Similarly, we can establish ([6.5]), as follows:

'w(S) —e(s—t)  »(E) -5t ‘

2 ]
P dplps+ (1 =p)3) —pps+ (1 —p5—1)
B /0 dp ] dp'
_ [T s+ (1= p)5) — ¢ (ps+ (1= p)s— 1)
= o) i g

< lglixls -1 [P,

The same bound for d,¢ follows from 0, ¢(s,t) = d_p(s, —t).
We can now check that the integrand in (6.2]) is an integrable function, and thus
®4(a,p) is well defined by (6.2). That the function is integrable in {|t| > 1} follows
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from ([63]) and 0 < F3 < 1 —recall that du(t ) = [t|~'7>dt. Instead for the integral in
(—1,1), we use ([G.4), 0 < Fy <1, and that f_l [tf~ 1= dt < cc.
We now verify that ®(a, p) € Y for all ¢ € X. We add and subtract a term to have

2 {By(a, 0)(s) — @1(a,0)(3)} = / i (s, 8) da(t) + / ia(s,£) dpu(t),
where

i(s,t) = {0+ 040)(s, 1) = (0o + 040)(5, 1)} F5 (a, 0-(s, 1), 010(s, 1))

and

ia5,1) = (09 61)(501) {F (0,0-(5,1), 0,605, 0) = Fi (0,0-(5,1),0, (5,0}

We claim that

(lir] + [iz]) (s, ¢) < Cmin(|s — 3] [t]"7, [¢]7), (6.6)

where C'is a constant depending only on an upper bound for |a| 4 [|¢|x. Indeed, for
i1, this follows from (64)), (6H), and 0 < Fy < 1. For iy, the bound by [t follows
from (6:4) and 0 < F3 < 1. The first bound for |is| follows from (6.3)) and the use of
the intermediate value formula to express the difference of values for Fj in the second
factor in iy. Here we also use that (|0,F3| + [0,F3])(a, q,p) < Ca®(|q| + |p]) < C —the
last inequality by (6.3]).

Using (6.6]), we can prove that ®(a,¢) € Y. Indeed, an L* bound for ®;(a, ¢) has
already been discussed above. Now

B1(a, 0)(s) — By(0, )] < C / (lia] + |ial) dis(t) (6.7)
[s—3| dt
< C'/ t|? +C'/ s — 3|[¢]P
|s— s\| | |t\1+°‘ (15— s\}‘ sl [t[Fe

= Cls—3"""+C|s—3||s -3 =Cls — 5"

Next we check that ®; is differentiable with respect to a and that D,®; is continuous
from R x X to Y. From (6.2) we have that

1
Daq)l(av 30) = 5 /(5—90 + 5+30) aaF3(a7 5—307 5-1—90) d:u(t) (68)
R

This expression has exactly the same form as the one for ®;(a, ¢), but with Fj replaced
by 0,F5. As for F3, note that 0,F3 is a smooth and bounded function, since |g| + |p| =
|0_p| + 01| < C by ([@3). Thus, as before, D, P, is well defined and belongs to Y.

To prove that D,®; is continuous from R x X to Y, we take a sequence (ay, @)
converging in R x X to (a,¢). We need to bound

(Da®r(ar, r))(s) = (Da®i(a, 0))(s) = (Da®i(ar, ¢r))(5) + (Da®i(a, 9))(5).

To do this, we need to add and subtract a good number of terms, and thus it is
convenient to write the above expression in a more compact (or “symbolic”) way.
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We write the integrand in (6.8) as the expression G¢(s)Ho(s), where ¢ = (a,p),
¢ = (ax, pr), t is given,
Go(s) == (0_p + 6:9)(s, 1),
and
Ho(s) == 0. F3(a,0_p,01p)(s,t).
We must bound

Go(s)Ho(s) — Gor(s)Hor(s) — GO(5)HO(S) + Gow(s)Hbi(s).

We write this expression as

Go(s)(Hop — Hey)(s)
+(Go — Gor)(s)Hr(s)
—Go(3)(Hp — Hoy)(3)
—(Go — Gor)(5) Hdr(3).

We add and subtract one term in the first and third lines (and another one in the
second and fourth lines) to have this equal to

(Go(s) = Go(s))(Hd — Hep)(s)
+(Go — Gow)(s)(Hoy(s) — How(s))
+GO(S)(Ho — Hop)(s) — (Ho — Hop)(5))
+((Go — Gon)(s) = (G¢ — G ) (5)) H pi(5).
Now, every of these four lines can be controlled in absolute value by the bound
c(k) min(|s — 3] [t ¢]°),

where the constant c¢(k) — 0 as k — oo. This is done in the way explained before,
right after (6.0)), taking care now to control the smallness of terms like

(Hp — Hoy)(s)| = [0aF3(a,0-0,01¢0)(s,t) — OaF3(ar, 0_¢r, d4p1)(s, )]

with the intermediate value theorem. Finally, we can integrate in ¢ and proceed as
in ([6.7) (and the inequalities following it), to deduce that D,®;(ax, k) converges to
D,®(a, ) in Y.

Finally, we need to prove the C! character of ®; with respect to the ¢ variable. We
have that

2Dy ®1(a, ) = / (0t + 614) Fy(a, -, 610) dp(t)
: (6.9)

+ /(5—80 + 61.0) {0y F3(a, 6-¢,04p)0 -t + O, F3(a, 6-p, d4p)0 0} du(t).
R

Recall that ¢ = 0_p, p = d1¢, d_1, and §,1¢ are all bounded, by (G.3]). Note that
0, Fs, 0,Fs, OygFs, OppFs, and 0,,F3 are all smooth and bounded functions. Now,
to control |(D,®1(a,))(s) — (DyP1(a, v)¥)(5)|, we proceed as we did above for
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|1 (a, ¢)(s) — P1(a, v)(5)| adding and subtracting one auxiliary term. In this way we
see that D,®;(a, ) €Y.

The continuity of D,®; as a function of (a, ) with values in the space of bounded
linear operators from X to Y is proved in a similar way to the one above for the
continuity of D,®;. Here we must look at

(D@1 (ar, ox) ) (s) = (D Pr(a, ) ¥)(s) = (Dp®1(ak, pi) ¥)(5) + (Dp®1(a, ) ¥)(5),

use expression (6.9), and add and subtract terms as above for D,®;. The first integral
(69)) is easier to deal with, while the second has the same structure as in D,®;. O

Next, we deal with the second term @, in the operator ®. Recall that it is given by

expression (10)-(EI7),

Dy (a, N, p) = / dop Fa(t, a, A, dop) dt, (6.10)

R

where L

.
Folt,a,\, 1) = / T — (6.11)
0o {2+ 2AR+ ar7)?} =
With this expression at hand, we prove our last lemma.

Lemma 6.2. There exists v > 0 small enough (depending only on «) for which the
operator Oy = Do(a, N, ) : (—v,v) x (1/2,3/2) x Bip(0) C R xR x X — Y is of
class C1.

Proof. Recall that R > 0 has been chosen to depend only on a. We take |a| < v,
with v small depending on how large is R = R(«). Since || = || < 2[|¢]lo < 20,
A€ (1/2,3/2), and 7 € [0, 1], in the definition (G.I1]) of F, we have

R/2 < R—20a <2\R+ arT < 3R+ 20a < 4R.

It follows that Fy is a smooth, positive, and bounded function of (t,a,A\,r) € R X
(—v,v) x (1/2,3/2) x (—20,20). In addition, we have that

F2(ta a, )‘a T)

=1 6.12
IR o1

[t]| =00

uniformly as (a, A, r) belong to the above sets.

It follows that the integrand in (GI0) is integrable, and hence ®, is well defined.

Next, we see that ®5(a, A, ) € Y and has Y-norm controlled by an upper bound
on |a] + A + ||¢llx. Indeed, we can see even more: that ®y(a,\, ¢) is Lipschitz if
¢ is Lipschitz, and ®s(a, A, ¢) has Lipschitz norm controlled by an upper bound on
la| + X + ||¢l|ip- To verify this, the L> norm of ®4(a, A, ¢) has already been treated
above. Next, we look at ®s(a, A, ¢)(s) — Pa(a, A\, 9)(5), add and subtract the term
Sz 00p(5,t) Fo(t, a, N, dop(s, t)) dt, use that Fy and 0, F, are bounded, use the interme-
diate value formula for the last two terms, and that

190 (s, 1) = d0(5, )| < 2| lLipls — 3]
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to conclude the desired bound. For the convergence of the integrals, use (6.12]) and
that |0, Fy| < CJt|=372 for |t| large.

Finally, we must prove that ®, is C'' with respect to (a, ), ) with values in Y.
For this, we compute D,®o, Dy®2, and D,Py at (a, A, ¢) as we did for ®; in the
proof of Lemma [ The same argument as in the previous paragraph gives that
these functions are Lipschitz and have their Lipschitz norm controlled by an upper
bound on |a|] + A + ||¢||Lip. From this, it follows the continuity of D,®y, D\®,, and
D,®, as functions of (a, A, ¢) with values in Y. Indeed, if (ax, A\p, o) — (a, A, @) in
RxRx X then, by the previous bounds, we have that the sequence D, x ) P2 (ak, Ai; ©r)
is uniformly bounded in the Lipschitz norm. By Arzela-Ascoli theorem, a subsequence
converges in the weaker Holder norm of Y to a function in Y. This function must
be D) P2(a, A, ), since the integrals in the expressions for D, o) Pa(ak, Ak, ¥r)
convergence to the corresponding integrals for (a, A, ¢). This follows from the dom-
inated convergence theorem. As a consequence, the full sequence converges in Y to
D(a,)\,cp)q)Q(a'a )‘a ()0) 0
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