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Abstract

In this paper, we study isolated singular positive solutions for the following Kirchhoff-type
Laplacian problem:

—(9+/|Vu|dx) Au=u" in Q\{0}, u=0 on 09,
0

where p > 1, § € R, Q is a bounded smooth domain containing the origin in RY with N > 2.
In the subcritical case: 1 < p < N/(N —2)if N > 3,1 <p < 40 if N =2, we employ the
Schauder fixed-point theorem to derive a sequence of positive isolated singular solutions for the
above problem such that My(u) > 0. To estimate My(u), we make use of the rearrangement
argument. Furthermore, we obtain a sequence of isolated singular solutions such that My(u) < 0,
by analyzing relationship between the parameter A and the unique solution uy of

—Au -+ AuP = ]{350 in Bl (O), u=0 on 831 (0)

In the supercritical case: N/(N —2) <p < (N+2)/(N —2) with N > 3, we obtain two isolated
singular solutions u; with ¢ = 1,2 such that My(u;) > 0 under some appropriate assumptions.
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2010 MSC: 35J75, 35B40, 35A01.

1. Introduction and main results

A model with small variation of tension due to the changes of the length of a string is described
by D’Alembert wave equation, it is also well-known as the Kirchhoff equation, see NE], which

states as follows
B 2 2
K 0°u
To + =—— dz =0,
° 2L, /a ]
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where 79 is the tension, Ly = [ — « is the length of the string at rest, m is the mass density, s
is the Young’s modulus. The Kirchhoff-type problems have been attracted great attentions in
the analysis of different nonlinear term due to the gradient term, see ﬂg, , , ]

Observe that in the prototype of Kirchhoff model, the tension, for small deformations of the
string, takes the linear form as follows:

M(u) = a+b/ I+ [VaP de, (1.1)

where @ > 0, b > 0. When the displacement gradient is small, i.e. |Vu| < 1, M(u) «
a+b|Q|+2 [, |[Vu|?dz. The advantage for this approximation makes the problem have variational
structure and the approximating solution could be constructed by variational methods. For
example, the stationary analogue and qualitative properties of solutions to the Kirchhoff-type
equation

— (a—i—b/ \Vu|2d:c) Au+V(z)u= f(x,u) in Q
Q

has been extensively studied in E, , , , , ] and extended into the fractional setting
in ﬂﬁ, 26, @] and the references therein. In this case, M(u) = a +b [, |Vu|?dz is often called
Kirchhoff function. In fact, the Kirchhoff function has been greatly extended for recent years.
For example, the case a = 0,b > 0, which is called degenerate, has been intensely investigated
recently, we refer to ﬂﬁ] for a physical explanation and gﬂg, @] for related results in this direction.

Our interest of this paper is to study a new Kirchhoff-type problem by taking into account
that |Vu| is not small in a bounded smooth domain €2 and the tension could be vector in a
proper coordinate axis. In this situation, the Kirchhoff function (II)) may be taken as

Mp(u) :9+/Q|Vu|dx, (1.2)

where 6 is assumed to be real number. Given a sequence of extra pressures {o,, } with the support
in B%(O) and the total force F' = [, 0,dx = 1 keeps invariant. The limit of {0,,} as m — 400
in the distributional sense is Dirac mass. As we know that the corresponding solutions may blow
up at the origin or blow up in the whole domain. Our aim is to clarify this limit phenomena of
the solutions to some elliptic problems involving the Kirchhoff-type function (L2).

More precisely, in this article we are interested in nonnegative singular solutions of the follow-
ing Kirchhoff-type equation:

—My(u)Au=u? in Q\ {0},
(1.3)
u=0 on 0,

where p > 1, Mp is defined by (L2) with § € R and 2 is a bounded, smooth domain containing
the origin in RY with N > 2. The following parameter plays an important role in obtaining the

solutions of ([L3)):
w1y
a, = sup —, 1.4
P zeQ Wo ( )
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where wg = Gqldy] and wy = Golwj], Gg is Green operator defined as

Galul(z) = / Gz, y)uly)dy,

Q

here Gg is the Green kernel of —A in 2 x 2 with zero Dirichlet boundary condition. Note that
a, is well-defined when p is subcritical, that is, p < p*, where
N
N3 if N >3,
Pt = - (1.5)
+ 00 it N =2.

Our first existence result about isolated singular solutions with Mpy(u) > 0 is stated as follows.

Theorem 1.1. Assume that N > 2, My is defined by (13) with 6 € R, a, is given by (1.7)), p*
is given by (I.3) and Q is a bounded smooth domain containing the origin such that

By(0) c Q and |B,,(0)| =19

where 1 < ry < +o00.
Let k > rof_ with 6_ := min{0, 8} be such that

kp 1 1 (p—1\""
< — (p—) . (1.6)
O+ry k= app D

Then for p € (1,p*), problem (I1.3) has a nonnegative solution wy satisfying that
Mg(uk) >0+ 7”0_1]{3 >0 (17)
and ug has following asymptotic behaviors at the origin

lim g (2)® ! (2) = cnk, (1.8)

|z|—0F

where ¢y > 0 is the normalized constant and

>N if N >3,
O(z) =
—In|z| if N=2

Furthermore, uy is a distributional solution of

up

—Au =

+kdp in Q,
My(u) "™ (1.9)
u=>0 on 01,

where Oy is Dirac mass concentrated at the origin.

3



Remark 1.1. Note that a, depends on p and 2 and the value p = 2 is critical for assumption
([LQ) for N = 2,3. Indeed, p* > 2 occurs only for N = 2 and N = 3. Due to the parameter 0,
(LG)) gives a rich structure of isolated singular solutions for problem (L3]). Moreover, a discussion
is put in Proposition in Section 2.

Involving Kirhchoff function My (u), the classical method of Lions’ iteration argument in ﬂﬁ]
does not work due to the lack of monotonicity of nonlinearity M, ' (u)u?, and also the variational
method in ﬂﬁ] fails, since (L3)) has no variational structure. Furthermore, it is difficult to
calculate precise value for fQ |Vuy| to express My(uy), especially, when € is a general bounded
domain. To overcome these difficulties, we make use of the rearrangement argument to estimate
the value of My(u) and employ the Schauder fixed-point theorem to obtain the existence of
isolated singular solutions in the class set of My(u) > 0.

When 6 < 0, we can derive a branch of singular solutions such that My(u) < 0.

Theorem 1.2. (i) Let N > 2, p € (1,p*), 0 < 0 and Q = By(0). For k € (0,—0), problem
(I-3) has a nonnegative solution uy, which is a distributional solution of (1.9) with Q2 = B1(0),
satisfying that

9<M9(uk) <k+60<0

and uy, has the asymptotic behavior (I.8).

(17) Let N > 2, p € (%,p*), 0 <0 and Q is a bounded smooth domain containing the origin.
Then problem (I1.3) has a nonnegative solution w,, which is not a distributional solution of (1.9),
satisfying that

Mg(up) <0
and u, has the asymptotic behavior
. 2 1
lim up(z)|z[P=T = cp(—=Mp(up)) 7T,
|z|—0F
=
where ¢, = [p%l (L +2 —N)}pi .

p—1

For Mpy(u) < 0, problem (L3)) could be written as

—Au+ P =0 in Bi(0)\ {0}, u=0 on 90B;(0), (1.10)
where A\ = —M, '(u) > 0. For A = 1, the nonlinearity in problem (LI0) is an absorption and
Lions showed in [17] that it is always studied by considering the very weak solutions of

— Au+ P =kdy in  By(0). (1.11)

Véron in ﬂﬁ] gave a survey on the isolated singularities of (II0)), in which B;(0) is replaced
by general bounded domain containing the origin. With a general Radon measure and a more
general absorption nonlinearity ¢g : R — R satisfies the subcritical assumption:

/1+OO(9(S) — g(—s))s ' ds < 400,
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problem ([LTT]) has been studied by Benilan-Brézis @], Brézis ﬁ], by approximating the measure
by a sequence of regular functions, and find classical solutions which converges to a weak solution.
For this approach to work, uniform bounds for the sequence of classical solutions are necessary
to be established. The uniqueness is then derived by Kato’s inequality. Such a method has been
applied to solve equations with boundary measure data in HE,E, Eﬁ, ] and other extensions
in [2, 15].

In the case A = =M, '(u), depending on the unknown function wu, a different approach has to
be taken into account to study problem (LIIJ). A branch of solutions such that My(u) < 0 are
derived from the observations that the function F(\) = —M,'(u) — X is continuous and it has
a zero, because we will find two values A\, Ay such that F'(A\;)F(A\y) < 0, where vy is the unique
solution of problem (ILTT]). This zero indicates a solution of problem ([L3)).

For the singularity as |z|~%/®~")| the diffusion and the nonlinear terms play the predominant
roles in ([L.3), so we just consider Au,, where w, is the solution of —Au +u? =0 in 2\ {0}. By
scaling A\ to meet the Kirchhoff function and then a solution with this type singularity is derived
in Theorem [[.2] This scaling technique could be extended to obtain solutions in the supercritical
case in Theorem [5.T]in Section 5.

It is worth pointing out that the method of searching solutions with the weak singularities as ®
in Theorem [[.T] could be extended into dealing with general nonlinearity f(u) when 0 < f(u) <
clulP with p € (1,p*). This method to prove Theorem is based on the homogeneous property
of nonlinearity and when the nonlinearity is not a power function, it is open but challenging to
obtain solutions with such isolated singularity.

The rest of this paper is organized as follows. In Section 2, we introduce the very weak
solution of equation (L3) involving Dirac mass and give a discussion of (LG)). Section 3 is
devoted to show the existence of a solution to (L3]) with My(u) > 0 in Theorem [l In Section
4, we search the solutions of ([L3]) with My(u) < 0 in Theorem The supercritical case:
N/(N —-2)<p<(N+2)/(N—2)with N > 3, is considered in Section 5, and we obtain there
multiple isolated singular solutions of ([LL3]) such that My(u;) > 0.

2. Preliminary

2.1. Kirchhoff-type problem with Dirac mass

In order to drive solutions of (L3]) with singularity (L8], it is always transformed into finding
solutions of (LY). A function u is said to be a super (resp. sub) distributional solution of (L9,
if u e LY(Q), |Vu| € L(Q), u? € L*(Q, pdz) and

p
/ W=A) — ——¢| du> (resp. <) kE(0), VEECIN(Q), €20,  (21)
Q My(u)
where p(x) = dist(z,02). A function u is a distributional solution of (L9)) if u is both super
and sub distributional solutions of of (L9)).
Next we build the connection between the singular solutions of (L3]) and the distributional

solutions of ().



Theorem 2.1. Assume that N > 2, p > 1 and u € L'(Q) is a nonnegative classical solution of
problem (IL.3) satisfying that My(u) # 0 and u? € LY(Q, pdx). Then u is a very weak solution of
problem (1.9) for some k > 0. Furthermore,

Case 1: My(u) < 0.
(1) For N > 3, p > p*, problem (1.3) only has zero solution and 6 < 0.
(1) For N > 2,1 < p < p*, we have that k > 0 and

lim u(x)® '(z) = cxk. (2.2)

|z|—0*

Case 2: My(u) > 0.
(1) For N > 3, p > p*, we have that k =0 and

lim u(z)|z|N 7?2 =0;
|z|—0

(17) Assume more that 1 < p < p*. If k = 0, then w is removable at the origin, and if k > 0,

then u satisfies (L3).

In order to prove Theorem I we need the following lemmas.

Lemma 2.1. Let 7 € (0, N), then for x € By,5(0) \ {0},

Co|z| T2 it 7> 2,
Gall - [77](z) < 4 —cplog(|z]) if T=2, (2.3)
Co if 7<2.
For N >3, p € (1,p*), there holds
Caolw[PENR2E e (5P, p7),
Ga[Gpldo]]l < § —ealog(lz]) if p= %5, (2.4)
Co if p< ﬁ

Proof. We follow the idea of Lemma 2.3 in ﬂa] In fact, from E, Propsition 2.1] it follows that
the Green kernel verifies that

Ga(r,y) < en®(@ —y),
By direct computation, we get (Z3). Since limy, o+ Goldo) ()P ' (z) — ¢y, Z3) with 7 =
(2 — N)p implies (2.4)). O O

Proposition 2.1. ([@] or ﬁ, Propostion 5.1]) Let h € L*(2) with s > 1, then there exists
c3 > 0 such that



. 1 2
||GQ[h]||Loo(Q) < Cg”h L5(Q) if g < N; (25)
(i)
1ol < csllhlloe i ~<2+2 and s> 1: (2.6)
altllLr@) < esllhllLs @) SSTTN ; :
(i4i)
i 1 2
||GQ[h]||LT(Q) < CthHLl(Q) if 1<—-+4+—. (27)
r N
Proof of Theorem 291 For My(u) # 0, we rewrite (L3)) as
Au=—""""in 0\ {0}
—Au = in :
Mp(u) (2.8)
u=>0 on Of.
Since u? € L'(Q, pdx) and u € L'(Q), we may define the operator L by the following
u?
= —~A)¢ - d >(RM). 2.
1) = [ u-t)e— ] an vee C®) (29)

First we claim that for any £ € C2°(Q) with the support in Q \ {0},

L(g) = 0.

In fact, since £ € C2°(2) has the support in Q \ {0}, then there exists r € (0,1) such that £ =0
in B,(0) and then

Lo = /Q\BT(O) lu(—A)g - szu)g] = /Q\BT(O) <_Au - MZEU)) cdv=10.

From Theorem 1.1 in M], it implies that

L =koy for some k >0, (2.10)
that is,
L(€) = /Q {u(—A)ﬁ . MZ(U)g} de = k£(0), V€ € C2(RY). (2.11)

Then u is a weak solution of (IL9)) for some &k > 0.
Case 1: My(u) < 0. We observe that

1
—Mg(u)

U = ]{ZGQ [50] — GQ [uq] < kGQ [50]7

then
kP

kGaldo] — My ()

Ga[Galdo)] < u < kGqldy] in Q\ {0}



So if k = 0, we obtain that v = 0, which implies My(u) = 0 < 0; and if £ > 0

li o '(z) = cnk.
lxll_r)%+u(:z) (x) = cenk

We prove that k= 0 if p > p* with N > 3. By contradiction, if & > 0, then
u>(k/2)® in B, (0)\ {0},

which implies that
uP(x) > (k/2)|z[ NP, Ve € B, (0)\ {0},

where (2 — N)p < —N and 19 > 0 is such that By, (0) C Q. A contradiction is obtained that
uP & LY(Q). Therefore, when p > p*, there is no nontrivial nonnegative solution (L3)) such that
My (u) < 0.

Case 2: My(u) > 0. We refer to ﬂﬂ] for the proof. For the reader’s convenience, we give the
details. When p € (1, N/(N —2)) and k = 0, then

1
= —Gqlu”].

u YA alu?]
We infer from u? € L*(Q) with to = 5(1 + %%) > 1 and Proposition 21l that v € L"?(Q) and
uP € L' (Q) with

1w
If ¢4 > Np/2, by Proposition 1] u € L*°(€2) and then it could be improved that u is a classical
solution of

t to > to.

1
— Au = u? in 2.12
If t; < Np/2, we proceed as above. By Proposition 2], u € L?P()), where
S L N 1 N (1 N ?
2_pN—2t1 pN—Qtol_ pN—QtO 0

Inductively, let us define

tm

1 Nty 1 N
_pN_th—l pN—QtO

) ty - +o00 as m — 4o00.
Then there exists mg € N such that

1

and by part (i) in Proposition 1]
u € L>(Q).

It then follows that u is a classical solution of (2.12]).



When p € (1, N/(N —2)) and k # 0, we observe that

and

We let

Uy =

Then by Young’s inequality,

lim G 5] () o2 = e

u =

1 p

1
Mg(u)

GQ [up] and FO = kGQ [(50]

uP < 2P (WP +TP).

By the definition of u; and ([ZI4), we obtain

uy < 2°Goluy] + Iy,

where u; € L*(Q2) for any s € (1, N/(N —2)) and

Iy = 2°Gq[T7).

Denoting p11 = 24 (2 — N)p, then for 0 < |z| < 1/2,

If uy <0, letting

x| if <O,

[y(z) <Q —ciloglz| if pp =0,

C1 if M1 > 0.

U = 2pGQ [u’l’],

then up € L¥(Q) with s € [1,%5), us < ug + 'y and

uy < 27 (Galup] + Go[l7]) -

Let pt5 = pap + 2, then pis > py and for 0 < |z] < 1,

FQ(ZIZ’) =

Inductively, we assume that

Col | it pe <0,
2°Gq[I'](z) < —cylog x| if py =0,

Co if Mo > 0.

Un—1 < 2°Golu;, ]+ 2PGq[I )],

9

(2.13)

(2.14)

(2.15)



where u,,—1 € L*(Q2) for s € [1, N/(N — 2)), I'_o(z) < |x|#"—2 for p,—o <O0.
Let
u, = 2°Gq [Uﬁ—ﬂa [no =2"Gq [Fﬁ—2]>
and
Hn—1 = Pp—2p + 2.
Then w,, € L*(Q) for s € [1, N/(N — 2)) and for 0 < |z| < 1/2,

Cp ||t it p,_1 <0,

Loi(z) = Goll7 l(x) < —culoglz| i paor =0,
Cn if  p,_1>0.
We observe that
fin-1 = fin—2 = P(fin-2 — fin—3) = P" (2 — 1)
— 400 as n — +oo.

Then there exists ny > 1 such that
fno—1 >0 and i, <0

and
na—1

u< Uy, + » i+ Ty, (2.16)
i=1
where I'; < ¢|z|* and
Uny, < 2P(Gqub,] +1).

Next, we claim that u,, € L>(2). Since u,, € L*(2) for s € [1, N/(N — 2)), letting

h=t(141 X ) e (1,2
L) pN —2 "N—-2)’

then % ~ iv2t0 > 1 and by Proposition 21}, we have that u,, € L' () with

1 Nt
_pN—2t0.

3]

Inductively, it implies by w,, € L™~ () that u,, € L () with

t L Nin LN nt — + —
= - o0 as n — o0.
pN - Qtn_l pN — 2t0 0
Then there exists n3 € N such that
Np
Sny > -
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and by part (7) in Proposition 2] it infers that
U, € L>(Q).
Therefore, it implies by u > I'y and (216]) that
};ii% u(2)|2[N7? = en ok
This ends the proof. O

2.2. Discussion on (1.8)
The following two functions plays an important role in searching distributional solutions of

problem ()
Wo = GQ[50], wy, = Gg[w‘g], (2.17)

which are the solutions respectively of

—Au = (50 in Q,
(2.18)
u=0 on 0
and
—Au=wl in €
(2.19)

u=0 on O
Observe that a, > 0 defined in (4] is the smallest constant with p € (1, x2) such that
wy; < aywy in 2\ {0}. (2.20)
Obviously, a, depends on the domain 2.

Proposition 2.2. Let 2 = B;(0).

(@) If 0 > 0 and 1 < p < min{2,p*}, there exists a;, > 0 depending 0 such that when 0 < a, <
ay, {L4) holds for any k > 0; and when a, > ay,, (L.8) holds for 0 < k < ki and ky < k < 400,
where 0 < k1 < ky < +00.

If 0 > 0, p* > 2 and 2 < p < p*, there exists ks > 0 such that for 0 < k < ks, (1.6) holds.

If0 > 0, p* > 2 and p = 2, then when ay > i, (Z.4) holds for 0 < k < 4(120;_1; and when ay < i,
(Z8) holds for any k > 0.

(it) If 0 = 0 and 1 < p < min{2, p*}, then (L08) is equivalent to

ps (D7)

If0 =0, p* > 2 and 2 < p < p*, then (I4) is equivalent to

0< k< (M)P_?
> ppap

11



If§ =0, p* > 2 and p = 2, then when ay > %, there is no k > 0 such that (I.8) holds; and
when ay < 1, (I0) holds for any k > 0.

(i17) If 0 < 0 and 1 < p < min{2, p*}, then (L4) holds for k > k,, where

_ 1)1\ "o
. <(p 1) ) ;
pPay

If0 <0, p* > 2and 2 < p < p*, then a}* = (—0)>Pp~P(p — 1)(p — 2)P~* such that when
0 <a, <ay*, (LA) holds for ks < k < kg, where 0 < ks < ’2)%11)9 < k¢ < +o00; and when a, > ay,
there is no k > 0 such that (I8) holds.

If0 <0, p* > 2 and p = 2, then when as < %, (1.0) holds for 0 < k < 4(120;_1; and when as > 1,
(I8) holds for any k > 0.

Proof. When Q = By (0), we have that ro = 1. Let

et 1 (p—1\""
M) = g% o (Z’T) ke (6, +00).
Note that
W (k) = (p—1)kP2(0 + k) — kPt
(0 + k)2
When p # 2, h/(ky) = 0 implies that
ko = 12)%;9.
When p = 2,
hk) = —— — 1 e (0, +00).
0+k 4day
The rest of the proof is simple and hence we omit it. O O

When p = 2, note that i is a critical value for (L6) and we show that as < i when €2 is a ball.
Lemma 2.2. Assume that Q = B1(0), N =2 or 3, p=2 and ay is given by (2.20). Then

1
Qo < —.

4
Proof. When Q = B;(0), take {(z) = 1 — |x| as a test function, we derive

/ |Vwy| de = Vwy - V(1 = |z|)dx = 1. (2.21)
B1(0) B1(0)

Since w; is radial symmetric and decreasing, then

(V) = g,

12



So for N = 3,

and
1 g 3 r?—1
wy(r) = el s (1 —s)” —1]ds = 152 3(r—1)—3Inr —
Then
wi(r) 1 3T_3rlnr r+r? ’
wo(r) 127w l1—r 2
then r — Z;—E:g is increasing, so
/
0y — Tim ) _ wi (D)
M)~ wh()
So for N = 2,
[ 2
wi(r) = Pl /0 (Int)“tdt
and
1 ! 9 s
wy(r) = 52 [s(ln s)°—slns — 5] ds.
™ T
Then o ,
wi(r)  —— W0” 42 nr + 127
wo(r) —5-Inr ’

then 7 — “20) is increasing, so
wo(r)

/
as = lim wi(r = wl(l).
o)~ wp(D)
We see that
1
e if N =3,
_wg(l) - 17T
if N=2
1672
and
1 )
4— lf N = 3,
(1) = { 4T
— if N =2,
21
SO .
— if N =3,
_ ) 127
Qg = 1
— if N =2.
8 !

Therefore, we have that as < 1/4. The proof is thus complete.
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Corollary 2.1. Assume that N =2 or 3, p =2 My is defined by (1.2) with 0 > 0, ay is given
by (1.4), 2 = B1(0). Then for any k > 0, problem ([1.3) has a nonnegative solution wuy, satisfying

(1.7) and (I3).
3. Solutions with My(u) > 0
In order to do estimates on Mpy(u), we introduce the following lemma.

Lemma 3.1. Let u, v be a radially symmetric, decreasing and nonnegative functions in C*(By(0)\
{0}) N W' (B1(0)) such that

||u||L1(Bl(0)) 2 ||U||L1(B1(0)) and liminf[u(x) — U(ZL’)]|ZL’|N_1 Z 0. (31)

|z|—0F

/ |Vuldz > / |Vo|dx.
B1(0) B1(0)

Proof. For radially symmetric decreasing function f € C(By(0)\ {0}) N W, (B1(0)), we have
that

Then

wn f(r)r T+ (N - 1)WN/ f(s)s"2ds = —wN/ f'(s)s™"tds,

then we have that

wx Tim (u— ) @)zl + (N — 1)/
\w\—>0+ Bl(O)

[u(m)—v(x)]da::/ |vu\dx—/ Vo|da.
B1(0) B1(0)

From (B]), we have that

/ |Vu|ldx > / |Voldz.
B1(0) B1(0)

This finishes the proof. O O

Proof of Theorem [I.1l We search for distributional solutions of

—Au = u’ + kéy in €, u=0 on 0N (3.2)

1
Mo (u)
by using the Schauder fixed-point theorem. Let wy, w; be the solutions of (2I7) and denote
wy = tkPwy + kwy, (3.3)

where the parameter ¢ > 0.

We claim that there exists k, > 0 independent of 0 such that for k € (0,k,), if 0 +r5'k >0
there exists t, > 0 such that

Golwy

tpkpw1 > Q[ tp]

— 3.4
T O+ tk (34)

14



We observe that if P )P
%71]{) th?, (3.5)
To
then w; verifies ([B.4]), since

GQ [wfp] < (aptkp + k’)pGQ [wg]
0+rotk — 0+1y'k

_ (aptk? + k)P

T gk

> tkPw,.

Now we discuss what condition on k guarantee that (B3.5]) holds for some ¢ > 0. In fact, (B.5)
is equivalent to

(aptk?~t + 1P < (0 + 1y 'k) (3.6)
or in the form
~1 aph?! 8
S:t(e‘l—’f’o k) and mS‘l‘l SS.

For p > 1, since the function f(s) = (%(’%1)”_18 + 1)P intersects the line g(s) = s at the

p
unique point s, = <p%l> , so k may be chosen such that
ot 1 (p—1\""
B 1 (3.7)
O+ryk — p D

In fact, (L) implies (B71). Therefore, for k > rof_ satisfying (LO) and taking t, = (6 +
P
k)~ <p%1> , function wy, verifies (3.4)).
Let

D, = {UGWOI‘I(Q): Ogugtpkpwl}.

Denote

1
=— G kwg)P v D,.
Tu My(u + kwy) al(u +kwo)?), "
We claim that
My(u+ kwo) >0 +ry'k >0 for u € Dy. (3.8)

For u € Dy, we may let v, € C}(Q2) be a sequence of nonnegative functions converging to
w in Wy'(Q). Let u, = v, 4+ kwp, and by the fact that wy, € C*(Q\ {0}) N W' (Q), then
u, € C1(Q\ {0}) N W, (Q), u, > kwe in Q\ {0} and u, converge to u + kw,y in W'(Q). By
the symmetric decreasing arrangement, we may denote w, the symmetric decreasing rearranged
function of w,, in B,,(0), where ry > 1 such that |B,,(0)| = |£2|. Observe that

lim inf g (2)]al " 2 0 =k lim wo(a)]al™ !

15



and

/und:c > k/wodx.
0 0

By Pélya-Szeg6 inequality, we have that
IVunllLi@) = VUl Lisy o)) = 70 IVW || 2181 0)-

where w (x) = 5 Vul (rox) for € By(0).
Let wp, o) = kGp,(0)[00], since B;(0) C €, Kato’s inequality implies that

/wodLUZ/ ’UJBl(())dSL’.
Q B1(0)

/ w,dx :/ uydx 2/ wpg, o)d.
B1(0) Bry (0) B1(0)

Thus, by Lemma B.1] ([3.9) and (221]), we have

Thus,

Vw1810 2 IVEws, @l 1510 = K
Therefore, passing to the limit as n — +o0o in the above inequality we get that
Mp(u+ kwo) > 0 + 15" | Vkws, o)l 1510y = 0 + 15 'k,

which implies (3.8]).
Therefore, from (3.4) it follows that

GQ[(I{?'LUQ + u)p] < GQ[(I{?'LUQ +1 kpwl)p]

Tu= My(kwo +u) — 0+rytk

S tpkpwla

then
TD, C D,.
Note that for u € Dy, one has that (u+kwg)? € L7 (Q) with o € (1,

1
where o € (1,5 5%5). Since the embeddings W>7(Q) — W"(Q), L
T is a compact operator

1
p

25, then TD, € W27(Q),
1(Q) are compact and then

Observing that Dy, is a closed and convex set in L'(€2), we may apply the Schauder fixed-point

theorem to derive that there exists v, € Dy, such that

Tl)k = Vg.

Since 0 < vy, < t,kPwy, so vy is locally bounded in 2\ {0}, then wuy := vy + kwy satisfies (L9,
and by interior regularity results, uy is a positive classical solution of (L3)). From Theorem 21

we deduce that uy is a distributional solution of (LC0).
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4. Solutions with My(u) < 0
For 6 < 0 and My(u) < 0, equation (LI) could be written as

— Au+ u? = kéy in  By(0), u=0 on 0B(0). (4.1)

—Mjp(u)
Lemma 4.1. Let p € (1,p*) and A > 0. For any k > 0, the problem
—Au+ AP =kéy in  By(0), u=0 on 0B(0) (4.2)
has a unique positive weak solution uy, verifying that

lim wy,(z)|z)V 2 = enk. (4.3)

|z|—0+

Furthermore, uyy is radially symmetric and decreasing with to |x| and the map X\ — wyy is
decreasing.

Proof. The existence could be seen @, theorem 3.7] and uniqueness follows by Kato’s inequality

, theorem 2.4]. The radial symmetry of u,; and decreasing monotonicity with to |z| could
be derived by the method of moving plane, see ﬂﬂ, ] for the details. It follows from Kato’s
inequality that the map A — u,; is decreasing. The proof ends. a O

Proof of Theorem (1) Observe that

B1(0)

From Lemma T with A\ = \; := — M, *(kwy), problem ([E2) with A = \; has a unique solution
vy, verifying that
0< vy, < kwo,

k/ |V, |dx §/ |VEkwy| dx
B1(0) B1(0)

then it implies that

and
Ma(vy,) :k:/ |Vv,\1|dx+9§k/ \Vwo|dz +0 =k +0,
B1(0) B1(0)
thus,
0 < MQ(U)\1> < k+9,
that is,
1
—— <\ 4.4
—Mp(vy,) (44)

In terms of Lemma [} let Ay = —M, ' (vy,) and {vy,} be the solution of problem (Z2) with
A = Xy. Since Ay > Ay, then
vy, < Uy, < kwy.

17



So it follows by Lemma [3.1] that
Mg(’U)\l) < Mg(’(])\2) < Mg(l{iwo),

that is,
1

—Mp(vy,)
We claim that the map X € [Aa, \1] —= Mp(un ) is continuous.

> )\2. (45)

At this moment, we assume that the above argument is true. Let

F = —Mz(vx) -

where vy is the solution of (£2) with A € [Ag, \]. Since F' is continuous in [A2, \1], by (44,
({3) and the mean value theorem, there exists A\g € (A2, A1) such that F'(\g) = 0, that is, (41
has a solution u; with m = Xo. From standard regularity, we have that u; is a classical

solution of ([L3]) and verifies the corresponding properties in the lemma.

Now we prove that the map A € [Ag, \{] — My(uyy) is continuous. Let Ay < XN < N < )y
and wuy x and wuyr ;. be the solutions of (1)) with A = A" and A = A" respectively. Then

U < Uk
and
M@(U)\//7k) < MQ(U)\/7]€). (46)

Let @ = uyry + (%)Upwo. Then

)\// _ )\/
A

Z —AU/)\”,]{; + )\//ul))\//7k

- k’(SQ

A= N
A2

wo

1
—Au -+ A/ﬂp Z —AU)\H’k + ( ) (—A)wo + >\/U§//7k + >\/

Therefore Kato’s inequality implies that

>\// _ )\/ %
Uy g < Uy g+ < 3 ) Wo,
2

which yields that

A — N %
MQ(U)\/7]€) S MQ(U)\//’]Q) + ( h\ ) k
2

This together with (Z.0), give

N o— N
A

1
|M9(U)\/7k) — MQ(U)\//7]€)| < < ) kE—0 as |)\” — X| — 0,

18



thus, the map A € [Ag, \1] — Mp(uy ) is continuous.

(71) It is well known that for p € (1, p*), the problem
—Au+u’=0 in Q\ {0}, u=0 on OS2 (4.7)
has a positive solution v, verifying that

. 2
lim, @)l = o, (4.8)

where ¢, = [p%l(p%l +2—-N )]ﬁ Furthermore, v, is the unique solution of (£1) such that
lim infu(a:)|x|ﬁ > 0. (4.9)
|z|—0+

We observe that

_
Uy =AY,

is the unique solution of
—Au+ =0 in Q\ {0}, u=0 on OS2 (4.10)

in the set of functions satisfying (9.

For p € (§23, p*), we have that [, |Vu,|dz < +o00, so that

My(vy) = N7 Tmy+60 <0 for A€ (g, +00),

where my = [, [Vu,|dz and \g = (ma/(—6))P~".

We define |

ATy 46
Observe that F' is continuous, increasing and

F(\) : + A, A€ (A, +00).

lim F(\) = —o0, lim F(A\) = +oc.

A=AT A—+00

Hence there exists a unique \ such that

1 _
-——-_ i = A.
)\_Emg + 0

Meaning that —M, '(vy) = A. We then conclude that (L3) has a solution u, := vy with
My(u,) < 0. From (£L8) and the definition of v, we know that u, is not a weak solution of

problem (L9).
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5. In the supercritical case
In the super critical case that p* < p < 2* — 1, we have the following existence results.

Theorem 5.1. (i) Let N > 3, p* < p < 2*—1,0 € R and Q be a bounded smooth domain
containing the origin. If

Case 1: p> 2, p>p" and 0 > 0;

Case 2: p=22>p*, 0 >0 and my < 1;

Case 3: p* <p <2 andf <0;

Case 4: p*<p<2*—1,p#2and =0,

then problem (1.3) has two positive solutions u; with i = 1,2 satisfying that

Mg(ul) > O,
. . N+2 . 2 e
if pE (p ,m) s |m1|1_1>1’é+ UZ'(ZL’>|LU‘1’*1 = Mg(ui)z’*lcp (51)
and . x . N—2 N-2 N-2
ifp=p,  lm w(@)lel" (nle])> = Mo(w) > cpr, (5.2)
x|—
where ¢, = [27(N =2 = 2)]1 and ¢, = (F2)N 72,

(1) Let N =4,5, p=2¢€ [p*,2* — 1), 0 =0 and Q be a bounded smooth domain containing
the origin. If v is a solution of (1.3) such that My(v) = 1, then for any A > 0, u := \v is a

solution of problem (I.3) satisfying My(u) = X > 0 and (51)-(22).

To prove Theorem [5.1], we need the following lemma.

Lemma 5.1. (1@, @/) Let N > 3, p € [p*, %) and  be a bounded smooth domain containing
the origin. Then the following problem

—Au=u’ in Q\{0}, u=0 on 00 (5.3)
has two positive singular solution v and vy verifying that

N +2
it p e (p, ﬁ), Jim, wi(@)|z|T = e, (5.4)
and s
if p=p*, lim v(x)|z|"2(Injz))" T = cp. (5.5)
|z| =0t
Proof of Theorem [5.1 From Lemma [5.1] it is known that for p* < p < 2* — 1, problem (5.3
has two positive solutions v; verifying that (£.4]) and (5.5).
We observe that )
Ui = A Py

is a solution of
—Au+ =0 in Q\{0}, u=0 on OS. (5.6)
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For p* < p < 2* — 1, we have that fQ |Vu,|dr < +oo, then
MQ(U)\’i) = )\_Tilml +60>0
for A € (0, A4), where m; = [, [Vv;|dz and

+o0 if 6>0,
>\+ ==
(—m; /0Pt if 6 <0.
Denote .
Fy(\) = - — A A€ (0,A),
)\_Fmi + 0
which is continuous and
—o0 if 6>0,
Ay, ol =

+o0o if 4<0.

Case 1: p> 2, p > p* and # > 0, then there exists ¢ > 0 such that
Fy(\) > 0.

Case 2: p=2>p*, 0 >0 and m; < 1, then there exists t > 0 such that

Fy(X\) > 0.

Case 3: p* < p < 2 and 0 < 0, then there exists ¢t > 0 such that

Fg()\) < 0.
In the above three cases, there exists a unique \; such that
1 _
T =\
)\Z pilmi + 9

that is, M, ' (vy, ;) = Ai. Therefore, (I3) has a solution u; := vy, ; with Mp(u;) > 0.
When 6 =0,
Fo(\) = ArTm; — A, A € (0, +00),
When N > 4, we have that 1/(p — 1) > 1 for p* <p <2*—1,0or when N =3, p* <p<2*—1,
p#2, N =mPV® then (I3) has a solution u; := Vs, i
When N = 4,5 and p = 2 € [p*,2* — 1), if m; = 1, then for any A > 0, u := )fﬁvi is a
solution (L3) with My(u) = A > 0 and verifying (51)—(5.2)). O

Remark 5.1. Our method to prove Theorem [5.1]is based on the homogeneous property of the
nonlinearity. When the nonlinearity is not a power function, this scaling method fails and it is
challenging to provide the existence results of isolated singular solutions.
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