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Critical domains for the first nonzero Neumann

eigenvalue in Riemannian manifolds
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Abstract

The present paper is devoted to geometric optimization problems related to the
Neumann eigenvalue problem for the Laplace-Beltrami operator on bounded subdo-
mains Q of a Riemannian manifold (.#,g). More precisely, we analyze locally ex-
tremal domains for the first nontrivial eigenvalue p, () with respect to volume pre-
serving domain perturbations, and we show that corresponding notions of criticality
arise in the form of overdetermined boundary problems. Our results rely on an ex-
tension of Zanger’s shape derivative formula which covers the case when 1, (Q) is
not a simple eigenvalue. In the second part of the paper, we focus on product mani-
folds of the form .# = R¥ x .4, and we classify the subdomains where an associated

overdetermined boundary value problem has a solution.

1 Introduction

Let (.#,g) be a complete Riemannian manifold of dimension N, N > 2. For a bounded

smooth domain Q C .# with C?-boundary, we consider the Neumann eigenvalue problem
—Agu=u in Q, dqu=0 ondQ, €))

where Agu = divy(Vu) is the Laplace-Beltrami operator of u on .#, n is the outer unit
normal to dQ and dnu := (Vu,n),. The set of eigenvalues, counted with multiplicities, in

M. M. Fall (mouhamed.m.fall@aims-senegal.org): African Institute for Mathematical Sciences in Senegal
(AIMS Senegal), KM 2, Route de Joal, B.P. 14 18. Mbour, Sénégal

T. Weth (weth@math.uni-frankfurt): Goethe-Universitit Frankfurt, Institut fiir Mathematik. Robert-Mayer-Str.
10 D-60054 Frankfurt, Germany.


http://arxiv.org/abs/1803.07592v1

the above eigenvalue problem is given as an increasing sequence 0 = 1 (Q) < 1 (Q) < ....

Of particular interest is the first nontrivial eigenvalue u,(Q), characterized variationally as

ul*dx
U2 (L) :inf{% cue HY(Q)\ {0}, /udx:O}. (2)

Here H'(Q) is the usual first order Sobolev space. A natural question is to study extremal
values of 1, (Q) among domains Q C . satisfying a volume constraint. By classical results
of Szegd and Weinberger (see [12, 13]), balls maximize t; among domains  having fixed
volume |Q|=v > 0in .# = RY. We note that, if BY C R" is the unit ball, the eigenvalue

X
x>

W (BY) has multiplicity N with corresponding eigenfunctions of the form x — @(|x|)
i=1,...,N, see Section 4 below for details. As remarked in [5] and [2], the maximization
property of balls extends to the case of the N-dimensional hyperbolic space. Moreover, the
same property is valid in a hemisphere [2] and — under further restrictions on the domain —
also in rank-1 symmetric spaces [1]. On the other hand, the problem of globally minimizing
Up among domains Q having fixed volume |Q| = v < |/ has no solution, since (L)
approaches zero within the class of domains € built by connecting two disjoint subdomains
with a thin tube.

The present paper consists of two parts. In the first part, we characterize — by means of
overdetermined boundary value problems — subdomains of a general Riemannian manifold
which are locally maximizing or minimizing p, with respect to volume preserving domain
variations. In the second part we focus on the special case of cylindrical manifolds of
the form R¥ x .4, where more information can be derived. Here .4 is a given closed
Riemannian manifold. In this case we wish to determine global constrained maximizers for
U and classify solutions of an associated overdetermined boundary value problem.

To state our main results, we need to introduce some notation. Since we assume that .#
is complete, we have a globally defined exponential map exp, : T,.# — .4 at every x €
A, and every bounded subset of .# is relatively compact. For a nonnegative integer k,
we let O%(.#) denote the class of all bounded subdomains Q C .# with C*-boundary.
Moreover, we let #*(.#) denote the space of all C*-vector fields on .# with bounded
covariant derivatives of order i < k, which is a Banach space with canonical norm || - ||,
see e.g. [3]. For V € ¥*(.#), we define the map

T, €CNM, M),  T(x) =Exp,(V(x)),
and we put Q, := 7,(Q) for Q C A

Definition 1.1. Let Q C .# be a bounded domain. We say that V € #!(.#) is an ad-
missible deformation field for Q if 7y maps a neighborhood of Q diffeomorphically onto a
neighborhood of Qy and |Qy | = |Q].



The requirement V € #'!(_#) in this definition guarantees — in particular — that Qy has a
C'-boundary if this is true for . We can now define the notion of constrained local extrema

for Mo

Definition 1.2. Let Q € &' (.#). We say that Q is a constrained local maximum for i, if
there exists € > 0 such that for every admissible deformation field V € ¥ (.#) for Q with
Vo < € we have 1 (Qy) < up(Q). If this inequality is strict in the case where Q, # Q,
we call Q a strict constrained local maximum. Constrained local minima are defined in an

analogous way via the opposite inequalities.

Finally, we define corresponding notions of criticality. The main difficulty here is the fact
that u,(Q) may or may not be a simple eigenvalue. In the case where u,(Q) is simple,
Zanger’s formula [14] for the shape derivative of Neumann eigenvalues with respect to
domain variations gives rise to a straightforward notion of criticality which we will refer to
as criticality in strong sense in the following, see Definition 1.3 below. In the case where
U2 (Q) is degenerate, (1, in general does not have shape derivatives at Q and thus Zanger’s
formula is not valid. In Proposition 3.1 below we will derive a useful variant for one-
sided shape derivatives. In contrast to the argument by Zanger in [14], our derivation solely
relies on the variational characterization of 1, (Q), and we believe that the resulting formula
does not extend to higher Neumann eigenvalues. On the other hand, the formula allows to
conclude that constrained local minima for i, are critical in strong sense, whereas in the
case of constrained local maxima it gives rise to a weaker notion of criticality. The precise

notions of weak and strong criticality used in this paper are the following.
Definition 1.3. LetQ € 0'(.%).

(i) We say that Q is a constrained critical point for U, in strong sense if, for some

constant A € R, there exists a solution u # 0 of the overdetermined problem

—Agu = U (Q in Q
{ g” ;u’Z( )l/t mn I (3)

Oqu=0, |Vul* - (Q)u* =1 on 9Q.

(i) We say that Q is a constrained critical point for |, in weak sense if there exists finite

many solutions uy,...,u, € C>*(Q)\ {0} of the Neumann eigenvalue problem
_Agui =l ('Q‘)Mi in Q,
Onqu; =0 on dQ,

m
with the property that Y <|Vu,~|2 - [.Lz(.Q.)u%) = A on dQ for some constant A € R.
i=1



The weak notion of criticality defined here is inspired by [6, 11]. The first main result of the

present paper is the following.

Theorem 1.4. Let Q € O*(.4).

(i) If Q is a constrained local maximum for Uy, then Q is a constrained critical point for [y
in weak sense.

(ii) If Q is a constrained critical point for U, in strong sense and 0 is connected, then it is
a strict constrained local maximum for L.

(iii) If Q is a constrained local minimum with respect to domain variations, then M is

compact and Q = M.

Some remarks are in order. It is already evident from the euclidean case .# = R that,
in general, criticality in weak sense cannot be improved to criticality in strong sense for
constrained local maxima Q € &2(.#) for y,. Indeed, by Weinberger’s result discussed
above, the unit ball Q = BY C R is a constrained global (and thus local) maximizer, and
it does not admit a solution of the overdetermined problem (3) unless N = 1. On the other
hand, we shall see in Corollary 3.2 below that constrained local minima Q € &2 (.#) for u,
are critical in strong sense, and from this we will deduce Theorem 1.4(iii).

As indicated already, the proof of Theorem 1.4 relies on the calculation of one-sided shape
derivatives along curves of admissible deformation fields for Q. In the case where Q €
O? (M), these curves are closely related to C!-functions % : dQ — R with [, hdo = 0.
More precisely, for any such function A, there exists & > 0 and a C'-curve (—&y,€&) —
VY (A), t =V, of admissible deformation fields for Q with Vo = 0 and 9,|,_,V; = hn on
dQ, where 7 is the outer unit normal on JQ as before. This fact is rather well known (at
least in the euclidean case, see e.g. [8,9]), and we give a short proof for the convenience
of the reader in Lemma 2.2(i) below. Note that we require Q € &% to guarantee that 17 and
therefore V are of class C'.

In [6], the authors derive a similar notion of criticality in weak sense for locally extremals of
higher Dirichlet eigenvalues on —A, on .# with respect to variations of the metric g. With
regard to the underlying methods, the present paper differs from [6] as we use the variational
characterization of u,(Q) instead of Kato’s analytic perturbation theory used in [6].

We shall see in Remark 1.9 that the connectedness assumption on dQ in Theorem 1.4(ii)
cannot be removed. On the other hand, a more general version of Theorem 1.4(ii) — not
requiring the connectedness of dQ — is available when the class of admissible deformation
fields is reduced. For € > 0 and a compact subset K of .#, we denote by U, (K) the e-tubular
neighborhood of K in ./ .



Definition 1.5. Let € > 0. We say that an admissible deformation field V € V' (.#) for
Q€ O'(M) is locally volume preserving in Ug (dQ) if (Q,\Q)U(Q\ Q) C U (dQ) and

|(Q\Q)NA|=|(Q\Qy)NA|  for every connected component A of Ug(9Q).

In the case where Q € &2 (), locally volume preserving admissible deformation fields for
Q can, similarly as remarked above, be constructed starting from C!-functions / : 9Q — R
with the property that [-hdo = 0 for every connected component I C dQ, see Lemma
2.2(ii) below. We then have the following generalization of Theorem 1.4(ii).

Theorem 1.6. If Q € 0% (.#) is a constrained critical point for i, in strong sense, then
there exists € > 0 such that [ (Q,) < U (Q) for every admissible deformation field V for Q
which is locally volume preserving in Ug(dQ) and such that Q, # Q.

Next we restrict our attention to cylindrical manifolds of the type .# := R x .4, where
(A, g.x) is a closed connected manifold and the product metric g = geyet ® g4 is consid-
ered on .Z . For the problem of maximizing () among domains of fixed volume v, one
may expect a different shape of maximizers depending on the size of v. If v > 0 is small,
the results in [7] on the corresponding asymptotic profile expansion suggest that maximiz-
ing domains are perturbations of small geodesic ellipsoids in .#, whereas for large v the
domains
Q ={tx)es :teR |t|<rnxe N} C M, r>0

are natural candidates for maximizers in view of Weinberger’s result [13] for the euclidean
case. The following result partially supports this intuition. For this we consider the (critical)

volume parameter

Ve 1= <5j((f;)))%wk|ﬂ|.

Here B* C R¥ denotes the unit ball with volume @y, |.#| denotes the volume of .#", and

Uo(A) resp. pp(B*) denote the first nontrivial Neumann eigenvalues of —A, ., —A,__ on

8N Seucl

N, B, respectively.

1
Theorem 1.7. Letv > v, and r = (W) “, so that |Q.| = v. Then we have

w(Q) < (Q,)  for every domain Q € O' (M) with |Q| = v.

Moreover, equality holds if and only if Q coincides with Q. up to translation in the R*-

variable.



It remains open whether the v, is optimal in Theorem 1.7. The value v, is critical in the
sense there exists eigenfunctions for i, (Q,) which do not depend on the .4 -variable if and

1o (BY)
w2 (A)
Theorem 1.7, which is modeled on Weinberger’s argument in [13].

1
only if v > v, i.e., if and only if r > ( ) * This property is essential for the proof of

1
In the case where k = 1, the domains Q, C .#, r > (%) * also have the special property
of being constrained critical points for u, in strong sense. The following results shows that,

up to translation, these are the only examples arising in this setting.

Theorem 1.8. Let Q € 0*(.#) be a domain such that the overdetermined problem

—Agu = 1 (Q)u inQ,
Oqu=0, |Vul* - (Q)u* =1 on dQ.

1
admits a solution for some constant A € R. Then k =1 and Q = Q, for some r > < ﬁj((ljﬁ))) ’

up to translation in the t-variable.

The proof of Theorem 1.8 is not straightforward, as it combines the analysis of partial
derivatives of eigenfunctions (with respect to the #-variable) with estimates on the number
of nodal domains and a sliding argument using the cylindrical structure of the problem. We
recall that, in the euclidean setting, the sliding method has been developed in [4].

1
Remark 1.9. Inthecase k=1, r > <%> : the domain Q = Q, C ./ is a constrained
global maximizer for u, and a constrained critical points for t, in strong sense, but it is
not a strict constrained local maximizer. Indeed, for given € > 0, one may consider an
admissible deformation field V € #! (M) for Q with ||v||» < € and such that Qy is a mere
translation of Q in the 7-variable, which implies that u, (Qy) = tp(Q). This shows that we
cannot remove the additional assumptions on dQ or V in Theorems 1.4(ii) and 1.6.

The paper is organized as follows. Section 2 contains two preliminary lemmas. The first
provides an expansion of metrics associated with domain deformations, and the second en-
sures the existence of suitable curves of admissible deformation fields. In Section 3.1, we
prove a one-sided variant of Zanger’s shape derivative formula which holds without requir-
ing simplicity of L. From this formula, we then derive the solvability of associated overde-
termined boundary value problems, and by this we complete the proof of Theorem 1.4. In
Section 4 we restrict our attention to the case of cylindrical manifolds, and we prove Theo-

rems 1.7 and 1.8.
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2 Preliminaries

In this section we state and prove two preliminary lemmas. We start with a lemma on the
expansion of a pullback metric under a curve of diffeomorphisms generated by a corre-

sponding curve of vector fields.

Lemma 2.1. Consider a C'-curve (—&y,&y) — V' (M), € — Ve of vector fields V; €
V(M) with Vo = 0 and the maps

T €C (M, M), Te(x)=Exp,(Ve(x), €€ (—&,&).

Moreover, let g¢ denote the pull back of the metric g under the map T for € € (—€y,€). In
local coordinates xi,...,xy, setting d; = % and gij = (0;,9)) y, 8eij = (0i,9)),, we then
have the locally uniform expansions
8eij = 8ij+€(Vo, V. i) +€(V3V.0)), +0(€), 4)
gslj :gij_£<V8jV,ai>g_g<va,-Va aj>g+0(£)a 5)
as € — 0, where V := 88‘8:0\/8 and (ggij)ij denotes the inverse of (ge,ij)ij. Moreover, for

the volume form of ge we have the expansion
dv,, (x) = (1 +ediv,V +0(8))dvg(x) as € — 0. (6)

Proof. We first prove (4). Fix x € .# and w € T,.# . Then we have

=9 w(a),

where a : (—¢,€) — .4 is a smooth curve with a(0) = x and £%(0) = w. Note that the

D7 (x)[w]

curve € — Tg(x) satisfies 7p(x) = x and

d d d
— T, =—| Exp.(V, = —
dele=o e(x) de le=0 xpx(Ve(x)) de
Therefore, denoting by % covariant derivatives along curves, we get
d d
e=0dt =0de

V() =Vevieo)| =Friw. o

SZOVE (x) = DExp,(0)V (x) = V(x).

D

D] = -

o relan) =—

de

Te(a(t))

e=0 =0

- E‘t:O



Next, we consider local coordinates (yi,...,yy) in a neighborhood of x. Moreover, we write

0= 8%- for the corresponding coordinate vector fields and
8ij = (8,~,8j>g, as well as 8eij = (8,~,8j>g8 for € € (—80,80).
For fixed i, j, the function

(x,€) = .0 (x) = (DTe(x) (9], DTe (x)[9)]) (8)

Te (x)
then satisfies go;j(x) = g;j(x) and, by (7),

D
| _ 8eij(x) = <%
= ((VaV,9))e+ (V3 V. )

Consequently, we have that

ei() = 8ii(0) + € ((VaV, 9 + (Vo V.di)e )| +o(e)

as € — 0. Moreover, this expansion is locally uniform in x, since it follows from the as-

DT()[;])

E:ODrg(x) [0;], DTo(x) [aj]>g + <D T (x)[a], % £=0 g

X

sumption that the functions (x,€) — dggej(x), i,j,= 1,...,N are continuous in x and €.
Hence (4) holds, and (5) is a direct consequence of (4). It thus remains to derive (6) from
(4). For this we note that

dvg, (x) = \/%dvg(ﬂ with [g| := det(gi;). |ge| := det(ge,ij)- )
Moreover, writing V = V*g; in local coordinates, we see that
3¢l =[] (1+£87%| _ geij+ole)) = lgl (1+e8” (V4. 9)), + (Vo V.90, ) +ole))
=gl (1 +eg" [(%Vk + VZFZ) (ks 9)) + (3ij + VZF'E;’) (9%, ai>g>] + 0(8))
= |g| (1 +eg" [(a,-vk + VgF]Zi) 8kj+ (3jvk + Verlgj)gki)] + 0(8)>

— gl (1 +2e (akvk n Vfr’gk) n 0(8)) = gl (1 +2ediv,V + o(e)>

and consequently % = 1+2ediv,V +0(€) as € — 0. Combining this expansion with
(9), we obtain (6). Moreover, the expansion is locally uniform since this is the case for (4).
This ends the proof. U

The next lemma ensures the existence of curves of admissible deformation fields for a given
domain Q € &2 (.#). It follows in a straightforward way from a well known rate of change
formula for the volume functional (see e.g. [8,9]), but we prefer to give a proof for the

convenience of the reader.



Lemma2.2. Let Q € O* (M), let h: 9Q — R be a C'-function and € > 0. Then there exists
& > 0and a C'-curve (—&y,&) — V' (M), t = V; with

Vo =0, ol V,=hn ondQ

and the following properties:
(i) If [30hdo =0, then V; is an admissible deformation field for Q for t € (—&,&).

(ii) If [phdo =0 for every connected component I C dQ, then, fort € (—&,&), V; is

an admissible deformation field for Q which is locally volume preserving in Uz (9Q).
Moreover, if h # 0, then Q,, # Q for every t € (—&),&).

Proof. Let W € ¥''(_#) be an arbitrary extension of the outer normal 1 on 9, and let
h € C'(.#) be an extension of & to ./ . We first consider the case where [, hdo =0, as

assumed in (i). We then define the C'-function
RxR—R,  (,8)—|Q,,| withV,s=(th+8We V' (4).

By the volume element expansion given in the appendix, Lemma 2.1, we then have that

d

EH Q| = | di = —10Q|>0.
26 (t,é):(o,o)’ Vsl Q/legWabc /(W,n>gdg 10Q| >0

aQ

Hence the implicit function theorem yields the existence of &y >0 and a C2-function (—&,&0) —
R, ¢+ §(¢) such that, setting V; := (th+ 8(t))W € ¥ (), we have |Q,| = |Q] for
t € (—&,&p) and thus, again by Lemma 2.1,

0:(9[

leyl= /'divg[(iz+8(0))vv]dx: /(h+8(0))d6 — $(0)9Q).
Q Q.

We conclude that §(0) = 0. Hence 8,‘ V, = hW, which coincides with h1 on dQ. More-
over, if 41 # 0, we may make & > 0 smteﬁler if necessary to guarantell that Q,, # Q for every
t € (—&,&). Hence the claim holds.

We now consider the case where [-hdo = 0 for every connected component I' C JQ, as
assumed in (ii). Making € > 0 smaller if necessary, we may assume, by the compactness
of dQ, that the set Ug(dQ) has finitely many connected components Aj,...,A,. Fori=
l,...,n, let I'; ;== dQNA;, and let W; € ¥ (.#) be a vector field supported in A; which
coincides with the outer unit normal 1 on I';.

Similarly as above, the implicit function theorem yields the existence of & > 0 and a C'-
function

(—€0,80) =R, 1+ 8(t) = (81(t),...,8,(r))
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such that, setting V; := i (th+ &;(t))W; € ¥ (), we have

i=1
]QVIHA,]:]QHA,\ fOFi:]...,n,ZE(—S(),S()).
Moreover, making & smaller if necessary, we may assume that
(Q,\Q)U(Q\Q,) CU:(dQ) fort € (—&,&).

Lemma 2.1 then implies that

n

0=0| _|@,nal= /divg<z [(h+8,(0 dx— /leg (h+ 8,(0))W;] dx
QNA; B QNA;
= [+ 8:0) Wi m)do = / hdo + S(0)|T
F,' l—‘i

Since [ hdo =0fori=1,...,n, we conclude that 8:(0)=0fori=1,...,n. Consequently,
we have 0, Z hW;, and the RHS coincides with 2 on dQ. If h # 0, we may again

1= i=1

make & > 0 smaller if necessary to guarantell that Q,, # Q for every ¢ € (—&),&). The
claim follows. 0

3 A variant of Zanger’s domain variation formula and its con-

sequences

In this section we extend Zanger’s formula for the domain dependance of Neumann eigen-
values in the case of the variational eigenvalue . Note that, in the case where i, (Q) is
not a simple eigenvalue, i, is usually not a differentiable with respect to regular variations

of Q. Nevertheless, the following one-sided derivative can be calculated.

Proposition 3.1. Let Q € 0°(.#), and let (—&y,€0) — V' (M), € Ve be a C'-curve with
Vo=0andV = 88‘ Ve. Then we have

+
as
€

(@) =min{ [ (VuP (@) V.n)ydo suel), (0
2Q

where L C C'(Q) is the set of all Neumann eigenfunctions u of —Ag on Q corresponding to

the eigenvalue [ (Q) with [ou? dx = 1.

Proof. We start with some preliminary considerations. We first simplify the notation de-

fined in the introduction, writing Q. in place of Q,, and 7, in place of 1, for € € (—&, &).
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In the following, we let g, denote the pull back of the metric g under the map 7.. Since
Te 1 (M,ge) — (M, g) is an isometry and Q. = 7.(Q), the variational characterization for
U2 (Q¢) can be rewritten as

fQ |Vgsu|§g dvge .
Jolu—m(u,e)Pdvy, -

1(Q) :inf{ ueHl(Q),u;éconst}, (11)

where

1
m(u,€) = Q) /udvgs foruec H'(Q)
8e
Q

and dv,, denotes the volume element with respect to the metric g.. To prove the assertion,
we thus need to use the expansions for the metric g, derived in Lemma 2.1. For vector fields
w, z defined in Q, locally written as w = w'dj, z = z/d;, (4) gives rise to the expansion

W,2)g, = geij W2/ = (W,2)¢ + &(Vy,V, Iw'z! +€(VaV, 9w’z +o(e),
= (W,2)g +E(VLV, W)+ E(VyV,Z), +0(e). (12)

Simply writing, as before, V£ in place of V,f for a smooth function f: Q — R in the
following, we also deduce from (5) that

<Vgsf7 Vgsh>gs - ggij alfa]h
= (Vof Veh) e — €(VenV,Vf)e — €(Vy V. Vi) +o()  (13)

for smooth functions f,4 : Q@ — R. Moreover, the expansion is uniform when f, h are taken

from a bounded set in C!(Q). In order to establish (10), we now first prove that
o | o) < min{/(|Vu|2 ~ (@) (V,m)ydo  ue L), (14)
£=
aIQ
Letu € L. From (11) it follows that

_ fQ |Vgeu|2,2’e dng
Jolu—m(u,€)]>dvg,

W (Qe) < pule): for |g| < &.

Since also u(Q) = p,(0), we have 9,

O/.Lz(Qg) < p}(0), so the inequality (14) follows
e=

once we have shown that

pul0) = [(VuP ~ po(@u) Vo) do foruel (15)
Q.

By expansions (6) and (13), we have that

/|Vggu|é2,gdvgg :/|Vu|§dx—|—£/<|vu|2ding—2(VVMV,Vu>g) dx+o(¢) (16)
Q Q Q
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and therefore, via integration by parts,

/ Vgouls dvg, = / (IVul*diveV —2(Vu, Vy, V), dx

= / \Vu] V Tl> do — 2/ VVuV” V> <VM,VVMV>g) dx.
0Q

Since Vu-1 =0 on dQ and —Au = 1 (Q)u in Q, we also have that
0= / (Vu,V)o(Vu,n)sdo = /le ((Vu,V)gVu) dx
PleS
:/ V{Vu,V)Vu) + <VM,V>gAu> dx = /(aw (Vu,v>g—u2(9)u<w,v>g) dx
Q Q

- / (VouVi,V )+ (Vit, Vg Vg — /.LQ(Q)M<VM,V>8) dx (17)

and thus

/\Vgsu\gedvgs /[Vu\ (V,v)edo — 2, (2 /u (Vu,V),
20 Q

Using (6), we also see that

0/u2dvge :/uzdngde: /u2<V,n>gd6—2/u(Vu-V>gdx.
=
Q Q

Q aIQ

O¢

Moreover, since m(u,0) = 0, we have J; ‘8:0 [|Q¢|m?*(u,€)] =0 and therefore

8:0/[14—111(”,8)]261\/&, =% £=0 </u2dx_ ‘Qs’mz(ua8)> =0 g:()/uzdvgs
) o 2

_ /u2<v,n>gdo—z/u<vu-v>gdx
0Q Q

by (6) and integration by parts. Combining the above identities, we find that

pi(0)= ([ ar) - [[ 19 v, m) o~ 205(Q) [tV )
Q

aQ Q

— [ as( [ mdo 2 [ vy,
o Q

aQ

= ([wax) [ [ 1VuP vim)edo 2,

Q aQ

(
~wa(@( [ V.medo =2 [uVuV)edr)| = [(Val - (@) V.n) do

IQ Q aQ

¢

Q)Q/u(Vu,V>gdx
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as claimed in (15). We thus conclude that (14) holds. Next, to show the opposite inequality

in (10), we argue by contradiction. Hence we suppose that

H2(Qe) — 12(Q)
€

limin
£—0t

< kg = meiB/(Wu\z—ug(Q)uz)(V,mgdG, (18)
0Q

which means there exists a sequence of positive numbers &, k € N with & — 0 and such

that o o
k—>o0 Ex

For the ease of notation, we simply write € in place of & in the following. Moreover, we let
uf denote an L?-normalized eigenfunction on Q. corresponding to the eigenvalue i (Qe).
Using again the fact that the map 7, : (M,g¢) — (M,g) is an isometry, we find that the
functions ue € C2(Q), ue := uf o T, satisfy

_Agsug - “Z(QE)MS ln Q, aneug - 0 on aQ.

Here 1, denotes the outer normal on dQ with respect to the metric g¢. By elliptic regularity
(using the fact that the coefficients of g, are locally uniformly Lipschitz), it follows that the
sequence (g )e remains bounded in C1*(Q), and thus ue — w in C'(Q) after passing to
a subsequence. Integrating by parts and using the expansions (6) and (13) again, we thus
infer that

ug(QE)/ugwdvge = —/(Ageug)wdx: /(Vggug,Vggw>gg dv,,
Q Q Q

= / Vue - Vwdx+ 8/(<Vu8,Vw>gdngV — (Vv V,Vue)g — (Vv V, Vu8>g> dx+o(¢)
Q Q
— (Q) / uewdx+ s/(\waZdivgv — (Ve V, Vi) ) dx+o(e)
Q Q
= m(©@)] / uewdvg, — € / uewdivVx| + / (19w divgV —2(Vy,,V, V) )dx+o(e)
Q Q Q

Using also that

/ugwdvgg :/wzdx—i—o(l) =1+o0(1) and /ugwdngde:/wzdngde—{—o(l)
Q Q Q Q
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we conclude that

P2 (Qe) = 12 (Q)

- -1
te < / ugwdv&) ( / (|VW|2ding — 1 (Q)wAdivyV — 2(Vy,V, Vw) g> dx+o(€)
Q Q

— Q) te / (19wPdivV — i (QwidiveV —2(Vy,V, V), ) dx-+ o(2)
Q

Integrating by parts, we thus find that

12 (Qe) — 12(Q)
€

—/ Vil — o)) (V.1)  do

_ / <\Vw12divgv — 1 (Q)widiv,V — 2(Vy,V, Vw>g> dx+o(1)

+2 / QW9 V) g = (TouV, Vg — (Vo Vo, V), ) dr - o(1)
- / |Vw|2—uz<sz>w2) (V.n)gdo +o(1) > ko +o(1),

where we used (17) with w in place of u. Recalling that this holds for a subsequence of the
sequence (& )y for which we assumed (19), we thus get a contradiction. We conclude that
both < and > holds in (10), and thus the proof is finished. O

Corollary 3.2. Let Q and L be as in Proposition 3.1. Then we have the following.

(i) If Q is a local minimum with respect to domain variations, then the quantity |Vu|* —
U (Q)u? is constant on dQ for all u € L. In particular, Q is a constraint critical point

for W in strong sense.

(ii) If Q is a local maximum with respect to domain variations, then CQ is a constraint

critical point for Ly in weak sense.

Proof. (i) If suffices to show that
/ (174 ~ (@) ) hdo =0 20)
aIQ

for every u € L and every C!-function / : dQ — R with [,ohdo = 0. Fix such a func-
tion h, and consider the corresponding C'-curve (—g&,&) — #'(.#), t+ V; given by
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Lemma 2.2(i). Combining the assumption with Proposition 3.1 and Lemma 2.2(i), we then
deduce that

0<97"

tZO.UZ(Qv,) = min{/(|Vu|2 —Nz(Q)uz)th Tuc€ L}.
aQ

Replacing & by —h, we then also deduce that

nmx{/uvuﬁ—¢qanu%hda:zteL}f;Q
aQ
and thus (20) follows.
(ii) By the same argument as in the proof of (i), we see that

min{/(\Vu]z—ug(Q)uz)th Tue L} <0
aQ

for all C!-functions & : 9Q — R with [, hdo = 0. By density, this yields,

min{/(|vu|2 —(QNA)hdo  u e L} <0 for h € L*(9Q) with /hdc —0. (1)
2Q 0Q

We now consider the set K C L?(9dQ) given as the convex hull of the set
Ky = {(]Vu\z—uz(ﬁ)uzﬂ : uEL}.
2Q

Since Kj is a compact set contained in the finite dimensional space Eq C L?(dQ) spanned
by

<|Vu,-|2 —uz(g)u,?> ‘m, <<Vu,~,Vuj>g —uz(g)u,-uj) ‘ Li=1,....0, (22

0Q’
where uy,...,u; denotes a basis of the eigenspace corresponding to i, (Q), it follows from
Carathéodory’s theorem that K is compact as well. Let P C L?>(9Q) denote the one-dimensional
subspace of constant functions. We claim that

KNP+02. (23)

For this we consider the the finite dimensional space E = Ey + P C L?>(dQ), which is a
Hilbert space with the induced scalar product of L?(dQ). Suppose by contradiction that
KNP = @. Then there exists a convex relatively open neighborhood K of K in E such that
KNP =@. By Mazur’s separation theorem, there thus exists some function / € E such that

/Ewdazo forweP and /ﬁwd6>0 forw e K.
Q. Q.
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In particular,

/ildozo and /(\Vu]z—uz(Q)uz)fzd6>O forall u € L,
aQ

which contradicts (21) since L is compact. Hence we conclude that (23) holds. Conse-

m
quently, there exists m € N, A,..., A4, > 0with ¥ A =1 and uy,...,u, € L such that
k=1

Z (Vi — 1(Q)id) =4 on 9Q

with a constant A € R. Without loss of generality, we may assume here that A; % 0 and
up # 0 for k= 1,...,m. Replacing u; by +/Axuy, we thus obtain that

Z (Vi = o (Q)up) =4 on 9Q, (24)

which means that Q is a constrained critical point for L, in weak sense, as claimed. |

Remark 3.3. The above proof is, to some extend, inspired by similar arguments in [11]
and [6]. An inspection of the proof shows that the number m in (24) can be chosen less than

(€+1)

or equal to + 1, where ¢ is the dimension of the eigenspace L corresponding to ().

This follows from Carathéodory’s theorem and the fact that the dimension of the space E

(€+1)

spanned by the functions in (22) is less than or equal to It would be interesting to

know whether this bound on m is optimal.

The following Proposition is the second main step in the proofs of Theorem 1.4(ii),(iii) and
Theorem 1.6.

Proposition 3.4. Let Q € O(.#) be such that there exists a nontrivial solution of the

overdetermined problem

—Aou= U (Q)u in Q,
g .’42( ) (25)
Oqu=0, |Vu)* - (Qu* =2 on dQ,
for some constant A € R. Then
=t >0  ondQ. (26)
12(L)

In addition, there exists € > 0 such that t (Qy) < U (Q) for every admissible deformation
field V for Q which is locally volume preserving in Ug(dQ) and such that Q. # Q.
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Proof. Let u be a nontrivial solution of (25). To see this, choose x1,x, € d€ such that
u(x1) = rgaxu2 and u?(x;) = rgsilnuz, so that Vu?(x;) = 2u(x;)Vu(x;) = 0. By unique
Q

continuation, we know that u?(x;) # 0, so that Vu(x;) = 0, yielding u?(x;) = —ﬁ > 0.
This latter property and the fact that Vu?(x;) = 2u(x2)Vu(xz) = 0 imply that Vu(xy) =0
and thus u?(xy) = —ﬁ. This proves (26).

In the following, we put Ay := —ﬁ for the constant value of u> on Q. Moreover, we let

A,q denote the Laplace-Beltrami operator on the N — 1-dimensional submanifold dQ and
H;,, the mean curvature of dQ. Since A;qu = 0 and dyu = 0 on dQ, we find that

Onn 1] = 2udgqu = 200( A~ Asqiu — Hadyu) = 2ulu = ~2p(Q)u> =24 < 0
on dQ. Consequently, there exists € > 0 such that
W< inU(0Q)NQ. (27)
Next, we decompose dQ into the compact subsets I's. := {x € dQ : u(x) = v/ }. By
making € > 0 smaller if necessary, we can then achieve that
Ug(r+) ng(F_) =9

and

O<u<vA inU(TL)NQ, VA <u<0 inU(I'-)NQ. (28)

In the following, we fix an admissible deformation field V € ¥ (.#) for Q which is locally
volume preserving in Up(dQ2) and such that Qy # Q. To complete the proof, we need to
show that

12(Qv) < 12(Q). (29)
For this we define the function w € C!(Ug(Q)) by

u(x), xXeQ,
w(x) =1 +/ 2o, x€Ue(T1)\ L,
— Vo, x€U(T_)\ Q.

Since Q, C U¢(L2), we may use w in the variational characterization of () to deduce

that
va |Vw|? dx

= T (w—m(w))2dx

1
W (Qy) with  m(w) 1= m/wdx. (30)
Qy

Since |Q, | = |Q|, we have

/(W—m(w))zdx ZQ/.wzdx— ’Av’ <Q/wdx)2 :Q/wzdx—‘%</wdx)2. (31)

Qy % v v Qy




Moreover, since |Q, \ Q| = |Q\ Q,|, we have that

/wzdx: / wzdx+/w2dx— / w2 dx

Qv Q\Q Q \Qy

_ ) 2, 20 _ [ 2 — P\ dx.
%]Q\Q]—i—g/udx /udx /udx—i—/(?to u-)dx

Q\Qy Q Q\Qy

Furthermore, since

/udx:— —/uvdczo,
Q
Q Ha(Q) 90
we find that
/wdx: wdx+ / U= /wdx— / udx
oy QnNQ Q\Q Q\Qy
= ( / wdx — / udx>
= (@\Q)nte(n) (@\QyJNUe(T)
:%(ng\mmug(m\—\ A\QINUT-)]) - Y /
=E0\Qy )nu (T
- [ GVa-mhar - [ VAol
(Q\Qy)NUe(T+) (Q\Qy)NUe(T-)

18

(32)

(33)

udx

(34)

Here we used (28) and the fact that [(Q, \ Q) NU(I'y)| = [(Q\ Q,) NU(I'+)|. Applying

the Cauchy Schwarz inequality to the RHS of (34), we deduce that

( /'wdx)zs(rm\szvmus(mwrm\szvmue(r_)\)Z | V-l ax

i=+

v (Q\Qy)NU (I;)

—i2\a [ (Vao-lul)?

Q\Qy
Combining (31), (32) and (35), we find that

/(w—m(w))zdx>/u2dx+ / (G0 —) ~ (VAo [u)?] dx

Qy Q\Qy

—/u dx+2 / |u| |u|)dx>/u2dx,

\Qy Q

(35)

(36)
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where the last inequality follows from (27) and the fact that |Q\ Q,| > 0 by assumption.

Since w is constant on Q, \ Q, we also have that

/|Vw|2dx: / |Vw|2dx+/|Vw|2dx— / |Vw|?dx
Q

Qy Q\Q Q\Qy
:/]Vu\zdx— / qu\deg/qu\zdx. (37)
Q Q\Qy Q

Combining (30), (36) and (37), we finally conclude that

Jo |Vul|?dx
1 (Qy) < W = 12(Q).
14

We thus have (29), as required. O

Corollary 3.5. Under the assumptions of Proposition 3.4 , Q is not a constrained local

minimum for U unless Q = .#. Moreover, it is a strict local maximum if dQ is connected.

Proof. Let € > 0 be given by Proposition 3.4. If Q # .#, then by Lemma 2.2(ii) there exists
an admissible deformation field V € ¥ (.#) for Q which satisfies ||V (o < &, is locally
volume preserving in U, (dQ2) and such that Qy # Q. Moreover, Proposition 3.4 yields that
U2(y) < Ma2(Q) in this case. Hence Q is not a constrained local minimum for .

Moreover, if dQ is connected, then there exists £ = €;(€) > 0 such that every admissible
deformation field V € ¥ (.#') for Q with ||V || < €& is also locally volume preserving in
U (9€), and thus Proposition 3.4 yields that t(Q,) < tp(Q) if Q, # Q. This ends the
proof. U

Proof of Theorem 1.4 (completed). Part (i) is already contained in Corollary 3.2(ii), and
Parts (ii) and (iii) follows directly from Proposition 3.4. O

Proof of Theorem 1.6 (completed). The result is already contained in Proposition 3.4. [

4 The case of cylindrical manifolds

In this section, we restrict our attention to the case .# is a cylindrical manifold of the form
M :=TREx N, where (AN ,g 4) is a closed connected manifold and .# is endowed with
the product metric g = geyei R gy -

In the following, we let B¥ C R denote the unit ball. As noted already in the introduction,
o (B") is of multiplicity N with corresponding eigenfunctions x — @(|x|)X, i =1,...,k,

W?
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where ¢ is the unique solution of the boundary value problem

k—1 k—1
<p”+7<p’+<uz(3)— = )rp:O, 1€(0,1), @(0)=¢'(1)=0.

The function ¢ and the eigenvalue pi>(B) can be characterized via Jy/», the Bessel function
of the first kind of order k/2, see e.g. [10]. Indeed, /i (B) is the first positive zero of the
derivative of ¢ — t(>=K)/2, /2(t), and @ is a scalar multiple of the function

t g(t) = (2200 (Vi (B)). (38)
As a consequence of these facts, the cylindrical domain

Q ={(t,x)e M :[t|<r,xeN}C M, r>0 (39

k
admits the Neumann eigenvalue p’" := £ sz ) with eigenfunctions

R . .t
u,:Q =R, u(tx):= (p(u)—l

=1,...,k 40
r ‘t‘a I I ( )

In particular, for k = 1 we have i, (B') = ”TZ, and there is only one function of the type (40),

up to a constant factor, given by

WM SR, ut,x) = sin(%t). 41)

The following observation is the first step in the proof of Theorem 1.7, and it is closely

related to Weinberger’s euclidean isoperimetric inequality for i, in [13].

Proposition 4.1. Let r > 0. If Q € O () satisfies |Q| = |Q,
equality if and only if Q = Q, up to translation in t-direction.

, then [ (Q) < u” with

Proof. The proof is modeled on Weinberger’s argument in [13]. Consider the function
G :[0,00) — R defined by G(7) = (%) for 7 < r and G(7) = ¢@(1) for T > r. Moreover,

consider the continuous vector field

1=y
ViRESRE V() = /G(|t—y|) o)
Q
Since Q is bounded, we have % = —li—,‘ +o(1) as |y| — o. Hence Brower’s fixed point

implies that V has a zero, and without loss we may, by translation € in the ¢-variables if

necessary, assume that V(0) = 0. Consequently, the restrictions of each of the functions

14
vi: M — R, v,-(t,x):G(|t|)m
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to Q belongs to H'(Q) and satisfies [, V;dx = 0. Therefore (2) implies that

N

1a(®) [ G(eh(r.v) =

Q

1a(@) [ (1)

=~

! Q
[1vwPatn = [H(ai “2)
IQ

l
<
i Q

with H : (0,00) — R given by H(t) = [G'(1)]> + Gi(f). As noted in [13], G and H are
nonnegative functions such that G is increasing and H is strictly decreasing. Consequently,

since |Q| = |Q,|, we have that

[ naes) = [Gndes+ [ e~ [ Gidiex)
Q Q,

Q\Q, Q\Q
> [G(d(ex) + 6 (1012 - 12\21) = [ G d(.x),
Q, Q,
and, similarly, .
[H( ) < [H()ae». @)
Q Q,

Moreover, equality holds in (43) if and only if |Q,\ Q| = |Q\ Q,| =0, ie. if Q=Q,.
Consequently, we have that

(@) < oG

Jo, H(|t])d(z,x)

with equality if and only if Q = Q,. Since equality holds in (42) when Q is replaced by €,

and [, (Q) by u”, the right hand side of (44) equals . Thus the proof is finished. O

(44)

We may now finish the

Proof of Theorem 1.7. Let r > 0. By separation of variables, only two cases may occur:
Case 1: 15(Q,) = p(/4"), and at least one associated eigenfunction on Q, is of the form
(t,x) — w(x), where w € C?>(.4#") is an eigenfunction corresponding to s (.4").

Case 2: 1(Q,) = u’, and the functions given in (41) are contained in the associated
eigenspace.

Clearly, Case 2 occurs if and only if u” = (B9 < Up(4"), which holds if and only if

72
|Q,| = ax|#|r* is larger than or equal to the critical volume given in Theorem 1.7. Thus,

1
if v> v, is fixed and r = (W) *, then Proposition 4.1 yields that
W(Q) <u" = (Q,) for every domain Q € &' (.#) with |Q| = v.

Moreover, equality holds if and only if Q = Q, up to translation in the ¢-variable. U
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We now turn to the overdetermined boundary value problem

{ —Agu = [ (Q)u in Q, )

Oqu=0, |Vu]* - (Q)u* =2 on dQ.

The remainder of this section will be devoted to the proof of Theorem 1.8, which we restate

here for the reader’s convenience.

Theorem 4.2. Let Q € 0*(.#) be a domain such that the overdetermined problem (45)

i
admits a solution for some constant A € R. Then k = 1 and Q = Q, for some r > (ﬁ((ﬁk/))) ’

up to translation in the t-variable.

Proof. Let u be a nontrivial solution of (45). By Theorem 4.2 we have that A < 0 and
== —% on dQ. So u is locally constant and nonzero on dQ. Next we consider

some unit vector o € R¥ and the directional derivative

Q . t+€0,x)—ult,
Us = Ot : Q& — R, uo(l,X):;Lr)r())u( + Z) u( x).

We claim that
for every unit vector o € R* we have ug > 0in Q or ug < 0in Q. (46)

Indeed, differentiating the first equation in (45) and recalling that Vu = 0 on dQ, we see
that ug solves

{ At = 1 (Q)ug in Q, )

us =0 on 0Q,

If we now suppose by contradiction that u#s changes sign, then the second Dirichlet eigen-
value A1, (Q) of —A, on Q is less than or equal to 1> (€2). On the other hand, the variational
characterization (2) gives rise to the inequality 1, (Q) < A,(€), and so equality holds. But
then a nontrivial linear combination v of the positive and negative part of u is a correspond-
ing Neumann eigenfunction which thus solves the equation —Av = u, (Q)v in Q together
with homogeneous Dirichlet and Neumann boundary conditions on dQ. This is impossible
by unique continuation. Hence us does not change sign.
Next we suppose by contradiction that us = 0. Let then (¢,x) € Q, and let %" be the con-
nected component of the set {(r 4+ to,x) : T € R} NQ which contains (¢,x). Then u is
constant on % Since € NJQ # @, we thus conclude that u(t,x) = /Ag or u(t,x) = —/Ao.
Since this holds for every point(z,x) € Q, the connectedness of Q implies that u = /A in
Q or u = —+/Ap in Q, which contradicts the first equation in (45). Consequently we have

us 0. Now (47) and the strong maximum principle imply that us > 0 in Q or us < 0 in
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Q, as claimed in (46).

Next we observe that (46) is impossible if k > 2, since then every unit vector & € R¥ can be
connected with —o by a continuous curve of unit vectores, whereas u_s = —ug.

So we conclude that kK = 1, and we write u, in place of us for o = 1. Replacing u by
—u if necessary, we may assume by (46) that u, > 0 in Q. For x € .4 we now define
Sy:={reR: (t,x) € Q} C R, and we consider a nonempty connected component S C S,.
Then the function ¢ — u(z,x) is strictly increasing in S. Moreover, if #; = infS and 7, =
sup S, then (¢1,x),(t2,x) € dQ and u(t;,x) < u(ty,x), which implies that u(t;,x) = —v/Ao
and u(t2,x) = v/Ag. We thus have the following property:

If x € 4" and S is a nonempty connected component of S, then

(48)
¢+ u(t,x) is an increasing homeomorphism from S to (—+/ A0, v/ Ag).
Next we claim the following:
For every x € .4 there exists precisely one 49)

T =1(x) € R with (7(x),x) € Q and u(7(x),x) = 0.

Indeed, let .4y C ./ denote the set of all x € .4 such that (¢,x) € Q and u(,x) = 0 for some
t € R. Then .4 is open and nonempty, since Q is open and, by (48), for every (¢,x) € Q
there exists 7 € R such that (7,x) € Q and u(7,x) = 0. Moreover, ./ is closed in .4". Indeed,
let (x,), be a sequence in Ay with x, — x € A4 as n — o, and let t, € R, n € N be such
that (7,,x,) € Q and u(z,,x,) = 0. Since Q is bounded, we may pass to a subsequence such
that #, — t as n — oo. We then have (¢,x) € Q and u(t,x) = 0. Hence (¢,x) & dQ since
u?> = 29 > 0 on dQ. Consequently, (,x) € Q and therefore x € .4G. In sum, it follows that
Ny = A since 4 is connected, and thus for every x € 4 there exists at least one t € R
with (¢,x) € Q and u(¢,x) = 0. Combining this with the fact that u does not vanish on dQ,
we see that the functions

t—(x):=min{r € R : (r,x) € Q and u(t,x) =0}

ty i N =R,
ty(x) =max{r e R : (t,x) € Q and u(z,x) = 0}

are well defined, and that (r.(x),x) € Q for every x € .#". Moreover, since u, > 0 in Q,
it follows from the implicit function theorem that these functions are continuous. As a

consequence, the open sets
Q ={(tx)eQ:t<t_(x)}, Q ={(tx)eQ:t>1.(x)}

and Qo := {(r,x) € Q : 1_(x) <t <ty (x)} are disjoint, and Q # & since (71 (x),x) € Q

for every x € 4. Since u has precisely two nodal domains by the Courant nodal domain
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theorem, it follows that Q) = @ and therefore 7_(x) =z, (x) for all x € .4". Thus (49) is
true, and the function .#” — R, x — 7(x) is continuous. Moreover, as a consequence of (48)

we have, for (¢,x) € Q,
u(t,x) <0 iff r < 7(x) and u(t,x) >0 iff > 7(x). (50)
Next we consider the disjoint sets
My ={(t,x) e M\Q :t>1(x)} and A ={(t,x) e #\Q:1t<1(x)},

and we set I'y := d.#,. It then follows that .# \ Q= #, U.#_ and 0Q =T, UT_,
whereas u = /A9 on Iy and u = —/Ap on T'_ by (50). Since |Vu| = 0 on 9Q, we may
therefore extend u to a C'-function on .# by setting u = /A9 on .#, and u = —+/Ag on
. Next, we fix r > 0 such that 1, () 7 and we consider the functions

:m’
-V t<—r—s,
vy M — R, ug(t,x) = \/losin(zﬁ(t—ks)), —r—s<t<r-—s,
r

\/% t>r—s.

for s € R. Moreover, we set
sy :=min{r : (t,x) e} } and  s_:=min{r: (r,x) eI'_} =inf{r : (1,x) € Q}.
If s > 0 is chosen sufficiently large, we have vy = v/Ag on QU .. Hence we may consider
so:=inf{s >r—s, vy >uon.#}.

Writing v instead of v,,, we see that v > u on .# by continuity. Since ¥(z,-) = —/A¢ for
t < —r—sgand u > —+/Ay in Q, we infer that

s_ > —r—uso. (51)
Moreover, setting Q := {(t,x) € A4 : —r—so <t < r— sy}, we have that
—A(V—u) = 1 (Q)(V—u) in QN Q. (52)

We distinguish the following cases.

Case 1: There is a point (fy,xp) € Q such that u(zy,x9) = V(fo,xp). In this case, we have
#(to,x0) = u(to,x0) € (—v/A0,vAo), so that (f9,x0) € Q. By (52) and the strong maximum
principle, we then conclude that ¥ = u in the connected component 2 of QN Q containing
(to,x0). Since 0.2 C IQUIQ, we infer that > = u> = Ay on d.Z by continuity. We
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claim that Q C Z. Indeed, let (f,x) € Q, and let y be a curve joining (,x) and (¢,x0)
within Q. Then u? < Aq along 7, and therefore y does not intersect d.2°. Hence (¢,x) € Z.
We conclude that Q C Z. Using that i? < Ay in Q, we similarly conclude that Q C Z.
Consequently we have QUQ C 2 € QN Q and hence Q = Q, which means that Q = Q,
and ¥ = u in Q, after translation in the z-variable.

Case 2: Vv > u in Q and so) = r — s In this case there exists x; € .4 such that (s;,x;) €
", NJQ. Moreover, the outer normal of Q at (s, x, ) and the outer normal of Q at (s, x.)
are both given by v = (1,0) € R x T, .#". Consequently, by (52) and since u < v in & and
u(s4,x) = Ap = ¥(sy,xy ), the Hopf boundary lemma implies that dy, (V —u)(s,x4) <O.
This however is impossible since Vu(si,x;) = Vi(sy,xy) =0.

Case 3: vV > uin Q and sg > r — s. In this case we claim that
S_=—r—usp. (53)

Indeed, if — recalling (51) — we suppose by contradiction that s_ > —r — s¢, then ¥ > u in
QUT_, and this easily easily implies that vy, > u on .# for € > 0 sufficiently small,
contradicting the definition of so. Hence (53) is true. Arguing similarly as in Case 2,
we now consider x, € .4 such that (s_,x_) € T_NdQ. In this case, the outer normal
of Q at (s_,x_) and the outer normal of Q at (s_,x_) are both given by v = (—1,0) €
R x T,_ /. Noting that u(s_,x_) = —/A = ¥(s_,x_), we arrive at a contradiction via the
Hopf boundary lemma as in Case 2.

Hence Case 1 must occur, and in this case we already concluded that Q = Q, and ' =u in Q,
after translation in the 7-variable. From the definition of ¥ we then deduce that 1, (Q) = ',

which, by the separation of variables argument given in the proof of Theorem 1.7, implies

1
that u” < pp(4") and therefore r > <%> ’ The proof is thus finished. |
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