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On the Hardy-Poincaré inequality with boundary
singularities
Mouhamed Moustapha Fall *
Abstract. Let © be a smooth bounded domain in RY with N > 1. In this paper we study the
Hardy-Poincaré inequality with weight function singular at the boundary of €. In particular we

provide sufficient and necessary conditions on the existence of minimizers.
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1 Introduction

Let Q be a domain in RN, N > 1, with 0 € 9Q. In the framework of Brezis and

Marcus [1], we study the existence and non-existence of minima for the following

/ \Vul|? dz — )\/ lul? dx
(1.1) ux(Q) ;= inf 2 2

ueHL () / \x|_2|u\2 dx ’
Q

quotient

in terms of A € R and Q. The existence and non-existence of extremals for (1.1) were
studied in [3], [4], [6], [7], [8], [12], [13], [14] and the references there in. Especially
in [7], the authors proved that for every smooth bounded domain € of RV, N > 2,
with 0 € 09

N2

(1.2) sup (13(Q) = —- = po (RY) ,
AR
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where Rf = {a; eERN : 2l > 0}, see also Lemma 3.4. In addition they showed that

there exists \* = A\*(Q2) € [—o0, +00) such that py(Q2) < NT2 and it is achieved for

all A > A*. If Q is locally convex at 0, they proved that \* € R. Moreover if \* € R
N2
T-
The questions to know whether A\* is finite for every smooth domain 2 and the

and  is locally concave at 0 then there is no minimizer for py-(2) =

non-existence of minimizers for py-(£2) remained open.
We shall show that, indeed, the supremum in (1.2) is always attained by A* € R and

that there is no extremals for py+(€2). Our main result is the following,

Theorem 1.1 Let Q be a bounded smooth domain in RN, N > 2, with 0 € 012.
Then there exists \*(Q) € R such that uy(2) is attained if and only if A > \*(Q).

We notice that if N = 1 then by [6] we have that A*(©2) > 0 and thus ux~(€) is
not achieved by [8]. We mention that, as observed in [7] and [6], there are various
smooth bounded domains such that A*(2) < 0.

The fact that \*(2) € R is a consequence of the following local Hardy inequality,

for > 0 small,
2 N? —21, 12 1
(1.3) |Vul*dz > — |z|%|u|*dz Yu e Hy(2N B-(0)).
QB (0) 4 JanB.(0)

On the other hand the above inequality implies that po(2 N B,(0)) = NTQ by (1.2).
In particular, even if a domain has negative principal curvatures at 0, its Hardy
constant may be equal to NTQ the Hardy constant of the half-space Rf . This is
not the case for the Hardy-Sobolev constant, see Ghoussoub-Kang [10]. Hence the
existence of extremals for pg depends on all the geometry of the domain instead of
the geometric quantities at the origin, see Proposition 4.2.

In Section 2, we introduce the system of normal coordinates and the modified ground
states used in the hall paper. In section 3, we show that A* € R and we provide an

improvement of (1.3). In Section 4, we show that the problem

N2
—Au — T!x\_2u =Au, in{

does not possess a non trivial and nonnegative supersolution in H}(Q2) N C(Q). In
Section 5 we prove Theorem 1.1. Finally in Section 6, we generalize Theorem 1.1 by

studying variational problems of type (1.1) with some weights.



2 Preliminaries and Notations

For N > 2, we denote by {E1, Es,..., Ex} the standard orthonormal basis of R;
RY ={yeRN : y! >0}; B, (yo) = {y e RN : |y —yo| <r}; B = B.(0)NRY and
SVt =0B,(0) NRY.

Let U be an open subset of RV with boundary M := 0l a smooth closed hyper-
surface of RN and 0 € M. We write Ny for the unit normal vector-field of M
pointed into ¢. Up to a rotation, we assume that Ny, (0) = Ei. For z € RY, we
let daq(z) = dist(M, z) be the distance function of M. Given z € U and close to
M then it can be written uniquely as © = o, + dpm(z) Nap(oy), where o, is the
projection of z on M. We further use the Fermi coordinates (y2,...,y") on M so

that for o, close to 0, we have
N
o, = Expg <Z yZE,-> ;
i=2
where Expy : RN — M is the exponential mapping on M endowed with the metric

induced by RY. In this way a neighborhood of 0 in I/ can be parameterized by the

map

N N

Ful(y) = Expg (Z yE) +y' N (EXPO (Z yE)) , yeB,
i=2 1=2

for some r > 0. In this coordinates, the Laplacian A is given by

a? Kl a ;)

’lj2

where ha(z) = Adpm(z); for 4,5 = 2...,N, g;j = (65*;//;4,8;//;4); the quantity

lg| is the determinant of g and g% is the component of the inverse of the matrix

(9ij)2<ij<N-
Since g;; = d;; + O(y') + O(|y|?), we have the following Taylor expansion

82
Z T owrw

1,j=2

N 82
(21) A= Z 55 S+ hvmo v

0
oyl
For a € R, we put X, (t) := [logt|?, t € (0, 1). Let

_N
Wa(y) ==y yl 72 Xa(ly]) Vy e RY



and put
2

N
9
_;(% )2

Then one easily verifies that

N2, 2
- T’y\_ +a(a — 1)yl X 2(ly]).

Ly@, =0 in RY,
W, =0 on ORY \ {0},

1
w, € H'(B}) VR > 0, a<—3

For K € R, we define
wa,ic (y) = €V Ta(y).

This function satisfies similar boundary and integrability conditions as @,. In addi-
tion it holds that

2K N !
(2.2) Lywa,K = — y —Wa,K +2K< +aX_4 (|y|)> | |2waK K? W, K -

Furthermore for all ¢ € R

&uaK al O?wa, i K
Zo (D=5 + 3 Oy(lyl) = "0 (I F T Xu(ly))
i,j=2

Oy oyl
= Oa,K(’y‘_l) Wa,K(y)-

Here the error term O, i has the property that for any A > 0, there exist positive
constants ¢ = ¢(2, A, K) and sy = so(€2, A, K) such that

(2.3) |Oa,k(s)] <cs Vse(0,s9), Va e [-A,A]
Let
Wk () = wa i (Frf (2)), Vo€ B = Fu(B)).

Then using (2.1), (2.2) and the fact that || = |y| + O(|y|?) we obtain the following

expansion

(2.4) LWy =— <M

Rt
dM(ﬂj) >WK—|—OGK(|33| ) a,K lnBT,



with L= —A — Nsz—z +a(a — 1)|x| 72X _(|z|). Moreover it is easy to see that

Wa,K >0 in Bﬂ‘,
(2.5) Warx =0 on MnNoBF\ {0},
Wex € H'(B}), Ya < —1.

3 A (Q) is finite

We start with the following local improved Hardy inequality.
Lemma 3.1 Let U = RN\ By(—E). Then there exist constants ¢ = ¢(N) > 0 and
ro = 1ro(IN) > 0 such that for all r € (0,r¢) the inequality
N2 [ Juf? Jul? Jul?
Vu2dx——/ —dazzc/ ————dz+ (N —1 / dz
o e =T [ 2 f e Y [, i

holds for all w € HE(B;}).

Proof. It is easy to see that ha(z) = H-]:ifiﬂ_,ll(m) and thus
20—-N)+h N -1
(3.1) _X )+ hm(@) Vo e U.

dp() ~ dm(z)

For » > 0 small, we set
w(r) = w1 1_]\,(F/\_/tl(:zt)), vz € Bf.

By (2.4) and (3.1), we have

Aw _ N2, 1 - 1
—— > x|+ || 2 X 1) in B}
= = el 7lel X a(la]) + Z + O(fal ) in B}
Hence there exists ro = ro(N) > 0 such that for all » € (0,7¢)
Aw _ N? 5 N—-1
2 > x| X_ in B,
(32) o2 Sl el X (e + T B

for some positive constant ¢ depending only on N. Fix r € (0,r9) and let u €
C>(B;f). We put ¢ = %. Then one has |Vul* = |[@Vy|? + [¢V©|? + V(¢?) - @V .
Therefore |Vu|? = [@V|? + Vi - V(@¢?). Integrating by parts, we get

/ ]Vu\2dx:/ ]wvw\2dx+/ <_A_~w> 2 da.
B} B B w

The proof is then complete by (3.2) and a desnsity argument. Ol



As a consequence, we have

Corollary 3.2 Let Q be Lipschitz domain and of class C? at 0 € 0. Then there
exist constants ¢ = ¢(2) > 0 and ro = 19(2) > 0 such that for all r € (0,r¢), the

nequality

N2 2 2
/ \Vu]2da:——/ %d:ﬂzc/ %dm
QN B, (0) 4 Jong. (0 || anB,(0) [z]?*|log |||

holds for all w € HE(Q N B,(0)).

Proof. Since Q is of class C? at 0 € 99, there exits a ball with 0 € 9B and
Q c U = RN\ B. Therefore by Lemma 3.1, we get the result. U

Remark 3.3 We should notice that Lemma 3.1 implies that Q) is locally concave
at 0 € 007 does not necessarly implies that (€2) < NTZ as it happens in the Hardy-

Sobolev case, see [10], [11], [5].

For sake of completeness, we include the proof of (1.2) in the following lemma.

Lemma 3.4 Let Q be a Lipschitz domain and of class C? at 0 € 0. Then there
exists A*(Q2) € R such that

N2
4
N2
@) <= VA X,

pA(§) =

. . N2
Proof. Claim: sup,cp ) < T

It is well known that po(RY) = &=, see for instance [9] or [14]. So for any ¢ > 0, we
let us € C°(RY) such that

2 N2 —2 9
|Vus|“dy < | — + 0 ly| s dy.
RY 4 RY

We let B a ball contained in 2 and such that 0 € 0B. If € > 0, put

v(x) = E%u(; (a_lFa_é(a;)) .



Clearly, provided ¢ is small enough, we have that v € CZ°(€2) thus by the change of

variable formula
/|Vv|2 d:E—l—)\/ v dm /R [Vus|? dy

< (1+ce) 7
[ el NG

+
where we have used the fact that F5 () = 2+O(|z|?) and c is a constant depending

+ ce?|\|,

only on 2. We conclude that

N2
pA(Q2) < (1+ce) <T +5> + ce?|A.

Taking the limit in ¢ and then in §, the claim follows.

Claim : There exists A € R such that p; 3= NT2

For § > 0 small, we let ¢ € C*°(Bs(0)) be a cut-off function, satisfying
0<y<1, ¥=0inRY\B;s(0), ¥ =1in B (0).

2
We write any u € H}(Q) as u = Yu + (1 — 9)u, to get
(3.3) /|x| 202 dz </ 2|22 dm—l—c/ uf? de,

where the constant ¢ depends only on 8. Since u € HZ (2N Bs(0)), if § is sufficiently
small, Corollary 3.2 implies that

N2 212 2
(3.4) d /Q\xy o dg;g/ﬂ\ku)y da.

In addition, we have

/Q|V(1,Z)u)|2 do §/9|Vu|2 dx+%/QV(¢2)'V(u2) dx+c/9|u|2 da

Using integration by parts we get

/ V(o) 2 da < / Vul? do — 1/ A@W?)|u]? da +c/ luf? da.
Q ) 2 Ja Q

Combining this with (3.3) and (3.4) we infer that there exits a positive constant ¢

depending only on § and 2 such that
N2

—/ |z 72| u)? dxg/ |Vul? dm+c/ lu? de  Yu € H(Q).
4 Jo 0 0

7



This together with the first calim implies that u_.(Q) = NTQ.

Finally, noticing that u)(€2) is decreasing in A\, we can set

2
(3.5) A*(Q) = Sup{)\ ER : uA () = NT}

so that px(Q) < NTQ for all A > A*(92).

4 Non-existence result

In this section we prove the following non-existence result.

Theorem 4.1 Let Q be a bounded Lipschitz domain of class C? at 0 € 9Q and let
A > 0. Suppose that u € H}(2) N C(Q) is a non-negative function satisfying

N2
(4.1) —Au — T|:17|_2u > —Au in Q.

Then u = 0.

Proof. Up to scaling and rotation, we may assume that € contains the ball B =
B1(E1) such that BNQ = {0}. We will use the coordinates in Section 2 with i/ = B

and M = 9B. For r > 0 small we define G := Fyp(B;).

We suppose that u does not identically vanish near 0 and satisfies (4.1) so that u > 0

in QN By, (0) by the maximum principle, for some 79 > 0.
We define
Wo () = wan—1(F5p5(2)), Vre G}t

Letting L := —A — NTzlx\_z + A then by (2.4)

2N — 1) + hop
dop

Lw, < —

3
o + (x— 2 a2 X_2<|x|>) wa + Oale] ™) wa,

for every a < —3. Since —hgp(z) = (N — 1) (1+ O(|z|)) in G;f, by (2.3) we can

choose r > 0 small, independent on a € (—1, —%), so that

1
(4.2) Lw, <0 inGS, Vac (—1,—5).



Let R > 0 so that
(. aN—-1) 1
Rw, <u on Fyp <7‘S+ ) Va<—§.

By (2.5), setting v, = Rw,—u, it turns out that v;” = max(v,,0) € H}(G;") because
we = 0 on B N OG,. Moreover by (4.1) and (4.2),

1
Lv, <0 inGf, Vac (—1,—5).

Multiplying the above inequality by v, and integrating by parts yields

N2
/G+ Vo |2 de — T/m |gc|—2|v;|2d:g+A/G+ w2 da < 0,

But then Corollary 3.2 implies that vj = 0 in G,f. Therefore u > Rw, for all
a € (—1,—1) and this contradicts the fact that % € L%*(2) because Jor % >

|z

2
ch+ % > TCH’ log r|?¢*1, for some positive constant ¢ depending only on B.
Consequently u vanish identically in G, and thus by the maximum principle u = 0
in Q. Ol

As in [6], starting from exterior domains, we can see that, in general, existence
of extremals for pg depends on all the geometry of the domain rather than the
geometric constants at the origin. Indeed, let G be a smooth bounded domain of
RN, N > 2 with 0 € 9G. For r > 0, set Q, = B,.(0) N (RY \ G). It was shown in
[6] that there exits r1 > 0 such that u(,) < NT2 for all r € (r1,00) and po(£2;)
is achieved. But Corollary 3.2 and (1.2) yields uo(€2,) = NTQ for r € (0,79). In
particular by Theorem 4.1, we get,

Proposition 4.2 There exit rg, 11 > 0 such that the problem

Au+ () 2] 2u =0, inQ,,
u € HY(Q),

uz0 inQ,

has a solution for all r € (r1,00) and does not have a solution for every r € (0,rg).



Remark 4.3 Let Q) be as in Theorem 4.1. Then by similar argument, one can show
that there is no positive function u € HL(2) N C(Y) that satisfies

with 1 is continuous, non-negative and |log |x||*n(x) — 0 as |z| — 0.

Remark 4.4 We should mention that some sharp non-existence results of distri-
butional solution was obtained in [8]. Indeed assume that  contains a half-ball
centered at 0 € Q and that u € L*(Q; |x|~2 dx) satisfies

N2 <p> 3 ©
“ufap+ 22 P d:nz——/uidzn Yo € O2(0)
/Q ( LR 1) "TaPToglap @ VP €T

then u vanish in a neighborhood of 0.

5 Proof of Theorem 1.1

The proof of the ”if” part is similar to the one given in [1], see also [7]. Secondly,
since the mapping A — p»(€2) is constant on (0, A*(92)], it is not difficult to see that
1 (£2) is not achieved for all A < A*(2). Now we assume that py«(€2) is attained by
a mapping u € Hg(Q). Then it is also achieved by |u| so we can assume that u = 0.

Furthermore since u solves
N2 .
—Au — T|JE| 2u=\u inQ,

by standard elliptic regularity theory, w is smooth in . Therefore, Theorem 4.1
implies that v = 0 in  which is not possible. U

6 Hardy inequality with weight

Let © be a smooth bounded domain of RY, N > 2 with 0 € 99Q. Following [1] and

[2], we study the existence of extremals of the following quotient:

/|Vu|2p d:n—)\/ |lz| 2 |ul*n dx
(6.1) Jy:= inf 2% 2

e [ Jel ?ua do
Q

9

10



where the weights p,q and 7 are nonnegative, nontrivial and satisfy
(6.2) peC), ¢neC@), p,n>0inQ and 7(0)=0.
We have the following generalization of Theorem 1.1:

Theorem 6.1 Let Q be a smooth bounded domain of RN, N > 2 with 0 € 99.
Assume that the weight functions in (6.1) satisfy (6.2) and that

(6.3) p(0) = q(0) > 0.

Then, there exists \* = X\*(p,q,n,) such that

2

PRI
42

N
J)\ < T, VA > A*
Furthermore Jy is achieved if and only if A > A*.

Proof. Step I: We first show that
N2

(6.4) sup Jy < —.
AR 4

Recall the notation in Section 2. For p > 0 small, we will put B} = Fapo(B, ). By
(6.3), for any £ > 0 we can let . > 0 such that

p<(1+e)p(0), ¢=(1—¢e)p0), n<e inBi.
By Corollary 3.2 and Lemma 3.4, po(B;L) = NT2, so for any 4 > 0 we can let

u € CP(B;7) such that
N2
/ |Vu|? < <— +5>/ || ~2u?.
B} 4 B;:

€

It turns out that

2, —2, 2
/Q|Vu|p )‘/Q|33| U77<1+6<£2+5>+ el
/|x|_2u2q T l-e¢ 4 (1—5)Q(0)
Q

11

Iy <




Sending ¢ and € to zero, (6.4) follows immediately.
Step II: There exists A € R such that J; = NTQ.

We fix r¢g > 0 positive small and put

1
(6.5) Ko = 5 min (=Vp- Vdaq — hag) -

5/,
For every r € (0,79), we set

w(x) = w%’KO(Fgﬂl(:E)), Vr € B
Notice that div(pVw) = pAw+ Vp- V. For r > 0 small, using (2.4) we get, in B;",
(6.6)
—div(pVw) = pNT2|x|_2w+§|x|_2X_2(|$|)w+

—Vp . VdaQ — haQ — QKQw

+O(|z| Hw.
L (1)

Hence by (6.3) and (6.5) there exist constants ¢ > 0 and r; > 0 (depending on p, g,
n and Q) such that for all » € (0,71)

N2
(6.7) —div(pVw) > qT|:17|_212) + clz| 2 X o (|z)w B

Fix r € (0,r1) and let u € C°(B;}f). We put ¢ = %. Then one has |[Vu|> =
|WV|2 + [pV|? + V(1?) - wVw. Therefore |[Vul?p = [wV|*p + pVib - V(01H?).
Integrating by parts, we get

- div(pVw
/B+ \Vul*pdx = /B+ |wV|*p da + /B+ <—w> u? dz.

This together with (6.7) yields

N2
(6.8) /+ \Vul|*pdx > e /+ |z| "2uq dr + c/+ 2] 72X _o(|z])u.
B; B; B;

We can now proceed as in the proof of Lemma 3.4 (since n > 0 in ) to conclude
that there exists a constant C' = C(p, q,n,) > 0 such that

N2
T/ lz| ~2u?q dazg/ |Vul?p dm—i—C/ lz|2u?n dz Yu € H(Q).
Q Q Q

Therefore we can define A* as in (3.5) to end the proof of this step.
Step III: Let u € H} () N C(Q) is a non-negative function satisfying

N2
(6.9) —div(pVu) — Tq|x|_2u > —\z|™?nu in Q.

12



Then v = 0.
Here, we assume that Q contains the ball B = B;(E;) such that BN Q = {0} and
set G = Fyp(B;). As in the previous step, we put

1
(6.10) K1 = —max (—Vp- Vdyq — hog) -
26
For r € (0,79) and a < —3%, we set
e () = wa i, (Fyp(2), Vo € G = Fop(B)).

Letting L = —div(pV:) — NTQq|:17|_2 + |A||z| =27 then by (6.10) and (6.3), we get
L < (Wleln = Jolel X a(la) ) v+ Oullel u in G-
Therefore by (2.3) we can choose r > 0 small, independent on a € (—1, —%), so that
(6.11) Lw, <0 inG/S, Vac (—1,—%).
If w 2 0 near the origin then by the maximum principle, we can assume that u > 0

in GJ.. Hence we can let R > 0 so that

Rw, <u on Fyp <7‘Siv_l) Va < —%.
By (2.5), setting v, = Rw, — u, it turns out that v = max(v,,0) € HI(G}).
Moreover by (6.9) and (6.11),

1
Lv, <0 inGf, Vac (—1,—5).

Multiplying the above inequality by v, and integrating by parts yields

N2
| veitpds = 5 [ el Pt Pade s [ jal o Py do <o
G G G

But then (6.8) implies that v = 0 in G;. Therefore u > Rw, for all a € (—1,—3)
and this contradicts the fact that % € L%(Q). Consequently v vanish identically in
G, and thus by the maximum principle u = 0 in Q.

Step IV: If J) < NTQ then it is achieved.

The proof of the existence part, since n(0) = 0, is similar to the one given in [1] so

we skip it. Ol

13



Remark 6.2 Let Q be a smooth smooth bounded domain of RN, N > 2. Let ¥}, be
a smooth compact sub-manifold of 02 with dimension 0 < k < N — 1. Here Xy is a

single point. Consider the problem (P,i‘) of finding minimizers for the quotient:

/\Vu] p dx — A /dz’st(m,zk)_2]u\2n dx
(6.12) F.= inf

ueHG () /dzst(m Sk) P lul?q da
Q

)

where the weights p,q and 1 are smooth positive in Q with n = 0 on X, and the

following normalization

(6.13) min? =1
Ek q
holds. We put
do
(6.14) I, = 1<kE<N-1 and Iy=o0

e V1= (4(0)/p(0))’

It was shown in [1] that there exists \* such that if X > \* then Ji ' < 1 and
(PR _,) has a solution while for A < \*, J)]\V_1 = 1 and (P{_,) does not have a
solution whenever A\ < \*. The critical case (P{_,) was treated in [2], where the
authors proved that (Pj\\,*_l) admits a solution if and only if In_1 < co. This clearly
holds here for (P ") by Theorem 6.1. We belicve that such type of results remain

true for all k by taking in to account that in the flat case,

/ |Vu|? de )
. RY (N —k)
inf 5 = )
ue HA(RY) / U 4
3 3 dx
RY T3+ 2Ry

see [9], with RY = {z e RV : 2! > 0}.
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