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Abstract We first establish a local Faber—Krahn isoperimetric comparison in terms of
scalar curvature pinching. Secondly we derive estimates of Cheeger constants related to the
Dirichlet and Neumann problems via the (relative) isoperimetric profiles which allow us to
obtain, in particular, lower bounds for first non-zero eigenvalues of the problem of Dirichlet
and Neumann. These estimates involve scalar curvature and mean curvature respectively.
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1 Introduction

Let (M, g) be a Riemannian manifold. For 2 C M a bounded smooth domain (open
connected) we consider the Dirichlet and Neumann eigenvalue problems:
Agf+2f=0 Q, f=0 0Q;
Agf +1f=0 Q (Vfin,=0 92,
with Ay f = divy(V f) and 7 is the outer unit normal to 9€2.
The set of eigenvalues, counted with multiplicities, in the above eigenvalue problems
consists of
0 <21i(2,9) <A(2,9) <+ 00;
0=pni(R,9 <pu22,9) < +o0.
By the Max—Min Theorem (see for example [3, p. 17]), one knows that the best possible
constants in the Poincaré and Poincaré—Wirtinger inequalities are given by A1(£2, g) and

12(2, g). The purpose of the present paper is to obtain local lower bounds on 11 (€2, g) and
12(€2, g) via curvature pinching. Before stating our results, some preliminaries are required.
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438 M. M. Fall

Letting 0 < v < | M|y, define the Faber—Krahn (FK) isoperimetric profile of M as

FKap(v, g) = inf r(82, 9).
m@. g) = I b= (£, 9)
Here 2 ranges over the smooth domains of M. For example by the variational charac-
terization for the lowest Dirichlet eigenvalue and the properties of symmetric decreasing
rearrangements of functions, the Faber—Krahn isoperimetric profile of R"*! is

|BI\ 7T
FKRn+1(v)= T A,](B),

where B is the unit ball of R*+1.

Explicit lower bounds for the profile F' K r are very important in applications and are
called physical isoperimetric inequalities for instance see [3].

Let

Im(v, g) = Qcﬂ/}fllf%:v [0€2]4,
be the isoperimetric profile of M. Lower bounds for the profile /4 are called geometric
isoperimetric inequalities. It is well know that the two above profiles are intimately linked,
one can see for example [3, Sect. 2] for more details.

Recently Druet [6], has established the following (local) geometric isoperimetric inequal-
ity : let x € M and scalar curvature satisfies S(x) < (n 4+ 1)n k for some k € R. There exists
ry > 0 such that for any v € (0, |By(z, r2)|y) and any ball E of volume v in ans k)
the space of constant sectional curvature &, there holds

]Bg(x,r‘,)(vv g) > |8E|gk»

where By(x, r) is the geodesic sphere centered at x with radius . We prove here the coun-
terpart for the Faber—Krahn profile.

Theorem 1.1 Let (M1, ) be a complete Riemannian manifold, n > 2 and let x € M.
Assume that the scalar curvature at x satisfies S(x) < (n + 1)nk for some k € R. Then
there exists ry > 0 such that for any v € (0, |By(x, ry)|g) and any ball E of volume v in
(M"F1, gi), there holds

FKp,@.r,) (W, 9) > A (E, gk),

where By(x, r) is the geodesic sphere centered at x with radius r in M and M"Y, gp) is
the space of constant sectional curvature k and dimension n + 1.

Cheeger [4], provided lower bound of 1| and . by isoperimetric constants: the Cheeger
constants. Therefore to obtain lower bound for these eigenvalues, one may rely on estimating
the Cheeger constants. As we will see in Sect. 4, it turns out that the latter can be estimated
via the (relative) isoperimetric profiles. And, using such argument, we have lower bounds
for A1 in terms of volume.

Theorem 1.2 Let (M"*!, g) be a compact Riemannian manifold, n > 2. For any ¢ > 0,
there exists v, > 0 such that for any v € (0, v,), there holds

2\ 2 -2
FKM(”’Q)Z(I_(ﬂnSm+8) (L) ) (nt1)” (@)
|B] 4 v

where Sy, is the maximum of the scalar curvature of M and B, =

1
(n+1)(n+3)"
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Some local eigenvalue estimates involving curvatures 439

Now concerning the Neumann problem, we let M be a smooth bounded domain of a
Riemannian manifold (M"‘H, g), n > 2. We ask for a lower bound for the quantity

inf Q. g).
ool n2(L2, 9)

Taking into account the role of the mean curvature of d M in the expansion of the relative
isoperimetric profile which is:

N (v, q) = inf AN M,
MI(U 9) QCMII,\Q\g:v| l|g

we can prove the following result.

Theorem 1.3 Let M| be a smooth bounded domain of a Riemannian manifold (ML q),
n > 2. For any ¢ > 0, there exists v > 0 such that for any v € (0, v,), there holds

1N\ 2 2
) v\t (n+ 1?2 [|BL\ "1
inf Qg=\1—(,Hpn+e¢ - —= ,
ecr )= n2(£2, g) ( (otn Hpy +€) (|B+|) ) 1 5

n |B"|
(n+1)(n+2) |B4|’

where H,, is the maximum of the mean curvature of 0My, o, =
half-ball of R"*' and B" is a unit ball of R".

Biisa

The proof of the first theorem relies on PDE techniques and fine asymptotic analysis of
solutions of elliptic equations this is carried out in Sect. 3. The second and third theorem are
consequences of estimates of Cheeger isoperimetric profiles. To achieve this, we use the fine
expansions of the isoperimetric profile near zero by Druet [6] and Narduli [12] in compact
Riemannian manifolds and the relative isoperimetric profile near zero by the author in [7],
see Sect. 4. The relevance of the scalar curvature when studying the sharpness of the F'K
isoperimetric inequality was first noticed by [13] where the authors prove the existence of
critical domains closed to geodesic balls centered near non-degenerate critical points of the
scalar curvature.

Let us mention that when this manuscript was already typed, we have learned that
Druet [5], by using the isoperimetric inequality in [6] and symmetrization arguments, gave
the asymptotic expansions of the FK isoperimetric prole for compact Riemannian as v tends
to zero.

2 Preliminaries and notations

We start by recalling the well known FK isoperimetric inequality which is an imme-
diate consequence of the spherical symmetric rearrangement argument, see for instance
Polya-Szegé [15].

Theorem 2.1 for any f € HLV2(R"TY) with |{f > 0}| < oo, there holds
2 2 2 2
i{f > 0} IVfI“dz > |B|*T A1 (B) frdz. €Y)
Rnt+1 R+l
In particular for any open subset Q of R"1 with finite measure,

AL(R2) = FKgnr1(12]), ()
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440 M. M. Fall

where

|BI\ 7T
FKRI!+1(U) = T )Ll(B).
Equality holds in (2), for some Q, if and only if Q is a ball.

We will denote by ¢;(|z]) > 0 the first L2-normalized radial positive eigenfunction
corresponding to A1(B) with ¢1(1) = 0 where B is the unit ball of R*+! centered at the
origin.

Letyo € Mand Ey, ..., E,41 an orthonormal basis of T;, M. We consider the geodesic
coordinate system centered at yo defined by

") = Exp,, (yiEi) fory = (yl, ey y"'H) e R

We define geodesic balls of M centered at yo with radius r > 0 as By(yo,r) = f(rB).
If ¢ = f%(y) € M near the point 49 = f(0) € M, one can expand the metric g;;(q) =
(Y, Y;) iny.

The proof of the following results can be found in [14].

Lemma 2.2 In the above notations, for any i, j = 1,...,n + 1, we have
1
gij(q) = &ij + 3 (Ryy (Y, ENY, Ej), + Oy (lyP):

r .

dv, = (1 — ¢ Ricy (Y, V) + 0y0(|y|3)) dy,

where Y = yi E; and dvy (resp. dy) is the volume element of M (resp. R,
There holds

|By(yo. )|, = r" "1 |B] (1 r*S(yo) + oyo<r3));

C6(n+3)
where S is the scalar curvature of M.
If By (yo, r) is a geodesic ball centered at some point yo € M with radius r, it is shown

in Chavel [3, Sect. 8] that the first Dirichlet eigenvalue for geodesic ball has the following
expansion in terms of its radius:

M (B S
M By, ), ) = T - 20

Using the expansion of geodesic balls (see the above lemma), one has the expansion in
terms of volume

+ Oy, (r).

2
o 2B+ (n+3)n+1) IQOIg)m ( nil)
A1(Q0, 9) = (1 6 3+ DA (B) ( B S(o) + O | 1R0lg

X F Knt1(|Q01,),

for any small geodesic ball €2 of M centered at .
If then E is a ball in (M"+!, g;), one has that

2
_ |E|!7k n+1 rﬁ?
ME, g) ={1—va B nin+ D)k+ O||E|g FKgne1(|1Elg),
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Some local eigenvalue estimates involving curvatures 441

where y,, = %‘ Therefore to prove Theorem 1.1 it is enough to show that for

every ¢ > 0 there exits r, > 0 such that
2
v n+l
FKBy(xOsrs)(U’ g) = (1 - (Vn S(IO) +8) (ﬁ) ) FK]RnJrl(U),

forevery 0 < v < ’Bg(xo, rg)’q.

3 Proof of Theorem 1.1

Proposition 3.1 Let xg € M. For any ¢ > 0, there exists r. > 0 such that
2
v n+l
FKB_(](.'L‘U,VS)(U7 g) Z (1 - (y}’l S(Z'O) +8) (m) ) FK]R"‘H(U)a

2h1 (B)+(n+3)(n+1)

ST mE DL B @nd S is the scalar curvature

forall0 < v < |Bg(.7:0,r)|g with y, =
of M.

Proof Assume by contradiction that there exists &9 > 0 such that for every r > 0 there exits
v € (0, |By(xo, r)lg) such that

2
vy | T
FKBg(xg,r)(Ura g) < (1 — (¥u S(xo0) + €0) (m) ) F Kpn+1(vy-).

We define p, — 0 asr — 0by v, = |p,B|. (To simplify notations, we will set r = r;,
where r; is a sequence decreasing to 0 when j — +00.) Also there exist 2, C By(xo, )
smooth domains with [€2,|, = |p- B] such that

2 (2, 9) < (1= (va S(x0) + 0) p7) FKgnri (10, B)).

We let u, € C1¥(S;,) be the positive eigenfunction corresponding to A (€2,, g), which is
normalized by

/ufdug =1, /|w,|_§dvg = 11(2r, 9).
Q, Q
Letting Q| = Exp;()l (22,) c R and g(y) = Expjz,0 g(y), one has that
191y = 19005, 21(Q, 9) = M (2L, §),

so that using Lemma 2.2,

) fQ; |Vur o Exp,, |*dy
A(2) < o] E 74
qQ Ur o pr0| Y

. |Vu, o Exp., |2 dv;
<(l+cr?) Joy 1Vur 0 Exp, [ dvg

fQﬁ |u o Exp,, |* dvg
o, |Vu, | dvg
fsz, |“r|2dvg

< (1+cr?) M, g).

< (1 +cr2)
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442 M. M. Fall
Therefore by the assumption together with Lemma 2.2, we get
(@) < (14 ¢r?) FKpoa(lo,BD. 1241 = (14 0G2) 2. 3)
We define U, := i Q. C ﬁ B.Forany z € i B, we set
gr(x) = g(prx).
Using Lemma 2.2, we have
(9r)ij(x) = 6;5 — %’2 (Ryy(X, ENX, Ej) + 04 (pd); A
dv, = (1+ 8 Ricyy(X, X) + Osy () d, @
Clearly
gr — euc on K compact subset of R"*!, (35)

where euc denote the Euclidean metric on R"*1.
We also let

n+l

wy(x) = pr* ur o Bxp, (prx) forz e U, wy(x)=0 forxze RN\ U,..

One easily sees that w, satisfies
Agwr + 2 (Ur, g w, =0 R {w, >0} = U,
and
lw, 1> dvg, = 1.
R+
By (22), and recalling that F Kpu+1(|B|) = A1(B),

Uy, o) = / IV, 2 dvy, < (1= (raSCo) +e0) 02) 11(B).

Rn+l1

2

Clearly since the functional E +— |E| ;? M1 (E, g) is scale invariant, we have

2 2

|Qr|g;l+1 A2, 9) = |Ur|gl]1r+l)\1(Ura 9r).

n+1
v

Dividing the second equation in (3) by o)™ yields
|Ur| — |B| whenr — 0.
Multiplying the first inequality (3) by ,0,2, gives

MU < (1+cr?) a(B).

(6)

@)

®)

(C))

We have thus by stability result in [8] that, if r is small, there exists z, € R+ such that

|(Ur +z,) A Bl — 0.

Up to changing w, by w, (- — z,) we will assume that z, = 0.

(10)

Now by [11, Lemma 4.1], (5), (8) and (10), we may assume that w, is uniformly bounded
on compact sets of R"*!. Therefore for any compact sets K € R Ay, wrllLe) < Ck
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Some local eigenvalue estimates involving curvatures 443

so by [10], [[Vwy [|¢r.a gy is uniformly bounded. By Ascoli’s theorem, this leads to the exis-

tence of some ¢ € CO(R"*1) such that after passing to a sub-sequence, and for any compact
subset K of R"+1,

lim w, = V. (11)
r—0

We first make the following observation that ¥ = 0 on R™*!\B. In fact if there is
yo € R\ B suchthat y(y9) > 0then by continuity, we have v > Oon B(yo, ) C R"T'\B
for some n > 0. But then for every r less than some r(yp), one has w, > 0 on B(yp, 1)
because of the uniform convergence on compact sets. Namely B(yg, n) C U,\B because
U, = {w, > 0} and then

0<C <|B(yo.n| <|U\B| < U AB| -0

which is not possible.
We conclude that by continuity {¢/ > 0} is an open subset of B.
Claim: ¢ = ¢1.
Observe that by (3),

/|Vw,|2dx = p3/|w, o Exp,, |* dy
U, Q/

< p? (1+cr2)/|w,|§dvg < (1+cr?) ra(B), (12)
Qr

similarly one can verify easily, by Lemma 2.2, that

/Iwrlzdm:/|u,oExme|2dy: (1 +cr2)/|u,|2dv§: (1+cr?). (13)
U, Q/ Q!

By (12), (w,) is bounded in H"-2(R"*1) thus we get the existence of some w € H2(R"*1)
such that

w, = w in HY2@R'. (14)

In particular using (12), we conclude that

/ [Vw|? dz < lim sup / |[Vw, |>dz < A1 (B). (15)

r—0
R+l Rn+!

We show that w, converges strongly in L2(R"*1). To this end, thanks to the uniform bound
on the L? norm of the Dirichlet energy in (12), it will suffice to show that no L2-mass is
concentrated by w, at infinity, i.e. that for every § > 0 there exists R > 0 such that

sup [[wrll z2we+1\rB) < 8-
r

By Holder inequality (recall that {w, > 0} = U,),

2
2%

/ lw, |2 da < / lw  dz | JUN\RBIT,

R"*l\RB ]R"*l\RB
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444 M. M. Fall

where 2* = % Since by Sobolev embeddings

/|wr|2*d:csc(n> / \Vw,|? dz,

Rn+] Rn+l
we get using (9), (10) and (12)

2¥-2
lim sup / lw,|?dz < c(n) |B\RB| 7
r—0
R”+1\RB

as desired.

Now up to a sub-sequence w, converges to w pointwise therefore it must be w =
by (11).

Clearly using (10), (13) and the strong convergence,

/ |w,|21U,dx—>/|w|2dx=1. (16)
B

R+l

Recall that {w > 0} is an open subset of B thus |[{w > 0}| < |B|. If we now use (1) and (15),
we conclude that [{w > 0}| > | B|. Therefore

{w > 0}| = |B].
The minimizing property of first eigenvalue imply, using (15) and (16), that

S |Vw|* da
fR,,+1 w2dzx

Therefore equality holds in the FK isoperimetric inequality (2) thus {w > 0} = B + zo for
some zo € R"*! and with the normalization (16), w = é1(] - —zol)- Up to translation, we
will also assume that zg = 0.

Pointwise estimates of w, on U, \ B.

Letting g, a sequence with ¢, /' 2, consider the function

A(fw > 0}) =< = 2i(B).

fr(@) = || 7T

A calculation yields, for small r,

1 _ 1 2
2|77 (=g, fr = 21Uy, g) fr) = 2] 2[(2_q ) —crz} — 21Uy, gp),

in U\ B, for some constant ¢ independent of r. Thanks to (7) and the fact that ¢, ' 2 as
r — 0, one gets that

—Ag fr =MW, 9r) fr 20 in U\B

while f. = 1 on dB. Now since w, converges uniformly to zero on d B and satisfies (6), by
the maximum principle (see for instance [1, Lemma 3.4]), we get that if 7 is small enough,

1
wy(z) < lz| 2o in Ur\B. a7

We shall finish the proof of the proposition. From (4) one has

207 _
IV, 2, = [V, [? [1 - = IVl > (Rey (X, Vw) X, V), + o} 0(|x|3>]
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Some local eigenvalue estimates involving curvatures 445

again by (4) we get

M Ur.gr) = / Vw2 dv,,

Ur
02
:/|Vwr|2dac—€r/Ricmo(X, X)|Vw, | dz
U, U,
2}

/(RIO(X, Vw)X, Vu,),dz+ 0 | p; /|:z:|3|Vw,|2dw )
U, U,

6

Since by Ascoli’s theorem, Vw, converges to V¢, pointwise, by (10),

/ Ricyy (X, X)|Vw,|2dx—>/m%(x, X) |V dz.
B

U,NB

We estimate fUr\ g Ricgyy (X, X) |Vwr|2dx (this argument will be used very often in the
sequel). First note that by Lemma 2.2 as in (12), we have the estimate

/|Vwr|2|RicI0(X,X)|d:z:§C / [V, |} || dug,.
U:\B U:\B

Call F(z) = |z|? and multiply the equality (6) by Fw, and integrate by parts to get

/|Vwr|§,deg,=— / wr(Vw,, VF), dvg, + A1 (U, gr) / lw,|*F dv,
Ur\B U\B U\B

+ ]{ wr F{(Vwy, X), do.
3B

Here do is the surface measure on d B and X, the position vector, is the outer unit normal to
dB. By Holder inequality,

2 P
/|Vwr|_§ervgr < /|Vwr|!27rdvgr /|w,|2|VF|!27rdvg,_
U\B U\B UN\B
FUng) [ W PFdv, +C § 19wl u, o
U \B 9B

1

2
1 2 2
< (1 Uy g /|wr| VF2 du,,
UN\B

+ 11Uy, gr) / |w,|2deg,+c?{|Vw,|g,w,Fdo.
U \B 9B
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446 M. M. Fall

By uniform convergence of w, to zero with uniform bound of Vw, on compact sets and (4),
we have

j[erlgrw,Fda — 0.
9B
Using (8) and (17), we conclude that
. 2
rlgr}) |Vw,|ngdvg, =0.
U \B
In the same way as above, there holds
/ |z} Vw, > dz — 0(1).
U
Clearly we have

|(Reo (X, V)X, V)| < C |z* [V, [,

and also since ¢, is radial, V¢ = %d)i namely (R., (X, V¢1)X, V1) = 0 and since
w,(x) = ¢1(x) in B, we infer that as above

/ (Ryy (X, Vw,) X, Vwr)g dr — 0, / (Ryy (X, Vw,) X, Vw,)g dr — 0.
UNB U\B
Finally we obtain that
o2
MUy, gy) = / IV, P di — ;’/Ricmx, X)IVilPdz + 0(rp2. (18)
U, B

From the FK isoperimetric inequality (1) one has

2

|B| \ 7+
/erﬁd:cz (|U| 21 (B) /|wr|2das.
U, ' U,

We use (4) (recall that fUr wr2 dvg, = 1) and (17) to have

r? 3 3 2
/lwrlzdle—i—g/Ricxo(X, X) lw,|>dz + O p;/|.7;| lw, |* dx
Ur Uy U,

2
-
=1+ g/Ricm(x, X) 3 dz + O(r)p?.
B

By (10), there holds

}Q; A p,B|
||
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Some local eigenvalue estimates involving curvatures 447

and by Lemma 2.2 we get the following expansion

1
1= loBI [ 1+ ¢ / Ric, (Y, Y)IQ’I Lysdy+ 0()p?

Rn+l
Moreover since pr+1|U | = || and
/ Ricsy (Y. V) dy p"p’ S0,
prB
we get, using also the second equation in (3),
2
p?1B| 5
U/l <|Bl+ —/——=8 )
|Ur| < |B| + 60 1+ 3) (zo) +cr

for some constant ¢ > 0 independent on r. Consequently we have

2 o o > 3
/le,l dx> ( 6 13 D) S(azo)) 1+€/ch$0(X, X)pidx| A (B) —cr.
B

Putting this in (18), we therefore obtain that

2 2
Pr S(xo>) 1 (B)

g >\ — ————
MU g)>( 6(n+3)(n+ 1)

- %’2 Ricyy(X, X) (IV1|* — 11 (B)¢T) da — cr.
B
Using the fact that ¢, is radial, one has
1
/chxo(x X) (IVei > = 21 (B)$f) da = |B|S<mo)/ 2 ((81)” - 21 (BYGY) dr.
B
Recall that ¢ solves

¢1’+$¢1 + 0 (B)gr =0, ¢i(1)=0. (19)

Multiply the first equation above by #"*2¢; and integrate by parts to have

1 1

[ (60 = rmat) ar = =2 [ gionas
0 0
— (n+ 1)/r"¢%dl
0
= ﬁ/‘ﬁ] dCL‘
B
= ﬁ.
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448 M. M. Fall

Collecting these and using (8) we arrive to
(1= Bu p} S(ao) — cr?)) 21(B) < hi(Ur, gr) < (1= (BaS(z0) + 20) p7) 21(B),

namely 0 < g9 < cr — 0, as r — 0, which is the contradiction. O

4 Proof of Theorems 1.2 and 1.3

In order to prove the theorems, we need to recall the Cheeger constants, hp(S2, g) and
hn (L2, g) relative to the Dirichlet and Neumann eigenvalue problems respectively,

3 doNQ
9l hy (2, g) = inf Doy

hp(Q,g) = inf :
p(§k.g) = n 0 min{|wly, [2\oly)

wcc |wlg

Here the range of  is the set of smooth sub-domains of Q. For example in R"*!, for any
r > 0, the Cheeger constant of r B is given by

1
hp(rB) = "Jrr .

Referring to [2] (see also [9]) for a proof, we have the following Cheeger’s inequalities:

2 2
A2, 9) = (W) s (R, 9) = (W) .

Similarly we define the Cheeger isoperimetric profiles of M as

H (v, g) = inf h (2, ),
Mm@.9) QCcM, Q= +(2.9)
with* = D, N.
As mentioned earlier Theorem 1.2 is a direct consequence of the expansion of the isoperi-
metric profile near zero for compact Riemannian manifolds that we recall here, see [6,12].
Letting

Iy, g) = inf AE|,,
M, g) Ecﬁfﬂmg:ul lg

for any § > O there exists vs > 0 such that for any v € (0, vs)

(1 — (BuSm +0) (|Z|)) Ignit (V) < Ing(v, g)

2
v n+l
=< (1 _(,Bn Sm _8) (ﬁ) ) I]RnJrl (U); (20)

1 n
where Ipn+1(v) = (n + 1)|B|*Tv#+ and S, is the maximum of the scalar curvature of M
. _ 1
while B = 363671y

Notice thatif r is sufficiently small, the Cheeger constant of geodesic balls can be estimated
as

. pol, . [9By(o, pr)],
hp(By(z0,7),9) =  inf < g
wcCByeor) |wlg T p=1- |By(wo, pr),
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Some local eigenvalue estimates involving curvatures 449

We choose xq to be the maximum point of the scalar curvature,
= S(z0),

then by simple computations using Lemma 2.2, we have

L
|Bj(x07 r)|g) el S,,

hD(By(l'Oa r)’g) S(l_lgn ( |B|

(IB (To,r)l"“)) Hpnir (1B (o, 1)), €2y

where the Cheeger isoperimetric profile of R”*! is given by

HD, () = m+4)Cm)HV

Clearly by Cheeger’s inequality (Dirichlet), Theorem 1.2 is a consequence of the following

Theorem 4.1 Let (M"*!, g) be a compact Riemannian manifold, n > 2. Near v = 0
(v > 0), there holds

H&wy>=0+0w$ﬁ;%%% ot (v).

Observe that according to (21), the proof of the above theorem is contained in the

Proposition 4.2 For any ¢ > 0, there exists ro > 0 such that for any r € (0, r,) there holds
HRU(rBl g) = (1 = (BaSm +8) r*) H2.. (17 B]),

where B, and S, is the maximum of the scalar curvature of M.

_ 1
= 2(n+3)(n+1)

Proof We proceed here also by contradiction by supposing that there exists g > 0 and a
sequence r N\ 0 such that

HU(rBl.g) < (1 = (BuSm +20) r*) Hipw (I7B)).
so there exist £, C M domains with |2, |, = |rB| such that
hp(€2, g) < (1 = (BnSm +e0) r ) R,,+1(|I’B|)
this imply the existence of domains w, CC €2, such that

|8wr|g

|wr|g

< (1= (Bu S +£0) %) HP,1 (I BI). (22)

Letting § > 0, by (20), there exists rs > 0 such that

|awr|g (lwr|g)"+
—_— 1 —(BuSm +96)
lorlg — ( P | B

for any r € (0, rs). Recalling that

1
B\ i
7@mmm=mﬁml|)g

lorlg

) g1 (l@rlg), (23)
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Therefore (23) with (22) imply, if r is small, that

@y o ey, (24)
rB| —

for some constant ¢ > 0.
Since |w; |y < |2,y = |rB|, we get from (24) that, as r — 0,

|wr|g
|r B

(25)

Now note that
Hp (orlg) = HE 1 (190 g).

Hence by the assumption (22) and using (23) we get

2
— BuSm +20) 12> — (BuSm + ) ('T’;'ﬁ)"“ .

Therefore dividing by rZ and using (25) we get 0 < g9 < § + O(r) which is the contradic-
tion. O

As a consequence, we have the following Cheeger isoperimetric comparison:

Corollary 4.3 Let (M"*!, g) be a compact Riemannian manifold, n > 2. Assume that the
scalar curvature satisfies S, < (n + 1)nk for some k € R. Then there exists vo > 0 such
that for any v € (0, vo), and any E a ball of volume v in (M™t!, g;), there holds

HAY (v, 9) > hp(E, gi).

Here also (M"T!, g) is the space of constant sectional curvature k.

In the same way Theorem 1.3 is a direct consequence of the expansion of the relative
isoperimetric profile / /I\V/l] near zero for a smooth bounded domain M of a Riemannian

manifold (M"+!, g) (not necessary compact). Letting

N (v, g) = inf 9E N My|,,
M]( q9) ECMl,lE\g:v| l|g

one has, see [7], for any § > O there exists vs > 0 such that for any v € (0, vs)

1

v n+l
(1 — (an Hyy + ) (ﬁ) ) I&H(U) < I}, (v.9)
+

1
v n+1
5(1 ~ (e Hiy = 5) (w) )1&“(1)),

1 n

where []12]1“ (v) = (n 4+ 1) |B4|»+T v#n+T and H,, is the maximum of the mean curvature of

dM, while o, = m %Zl\' Here B" is a unit ball of R” and B, is a half ball of R"*1,
Likewise the proof as the above proposition carries over for the following result.
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Proposition 4.4 For any ¢ > 0, there exists v, > 0 such that for any v € (0, ve) there holds

1
v n+l
Hx/ll(va g) Z 1 - (‘xn Hm + ‘9) (m) ngjr+l(v)’

n "

where a, = CESNoE)) ‘I:%’ H,, is the maximum of the mean curvature of 9 M and

1
|B | n+l
HY () = (1 + 1) (—+ .
Y v

Theorem 1.3 follows at once by applying the Cheeger inequality (Neumann).
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