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Sharp local estimates for the Szego-Weinberger profile in
Riemannian manifolds

Mouhamed Moustapha Fall and Tobias Weth

Abstract

We study the local Szegs-Weinberger profile in a geodesic ball Bgy(yo,r0) centered at
a point yo in a Riemannian manifold (M,g). This profile is obtained by maximizing the
first nontrivial Neumann eigenvalue p2 of the Laplace-Beltrami Operator Ay on M among
subdomains of By (yo,70) with fixed volume. We derive a sharp asymptotic bounds of this
profile in terms of the scalar curvature of M at yo. As a corollary, we deduce a local
comparison principle depending only on the scalar curvature. Our study is related to previous
results on the profile corresponding to the minimization of the first Dirichlet eigenvalue of
Ay, but additional difficulties arise due to the fact that ps is degenerate in the unit ball in
RY and geodesic balls do not yield the optimal lower bound in the asymptotics we obtain.

1 Introduction

Let (M, g) be a complete Riemannian manifold of dimension N, N > 2. For a bounded regular
domain 2 C M we consider the Neumann eigenvalue problem

Agf+pf=0 inQQ, (Vfim),=0 onoQ, (1)

where Ay f = divg(V f) is the Laplace-Beltrami operator on M and 7 is the outer unit normal to
09. The set of eigenvalues, counted with multiplicities, in the above eigenvalue problem is given
as an increasing sequence

0=p1(2,9) < p2(2,9) <-4 0.

By results of Szegé6 [13] and Weinberger [14], balls maximize po among domains having fixed
volume in M = RY. More precisely, in [13] this was proved for the planar case N = 2, whereas
in [I4] the case N > 3 was considered. As remarked in [4] and [2], this result extends to the
case of the N-dimensional hyperbolic space. Moreover, the same conclusion holds for domains
contained in a hemisphere [2] and — under further restrictions on the domain — also in rank-1
symmetric spaces [I].

The aim of the present paper is to study the geometric variational problem of maximizing s (€2, g)
among domains with fixed volume locally in a general complete Riemannian manifold (M, g). In
order to state our results, we need to introduce some notations. For a subset Q C M, we let
2]y denote the volume of © with respect to the metric g. For 0 < v < |M|,, we define the
Szego- Weinberger profile of M as

SWm(v,g):==  sup  p2(Q,9).
QCM, |Q|g=v

Here and in the following, we assume without further mention that only regular bounded domains
1 C M are considered. For open subsets A C M and 0 < v < | Ay, we also define

SW_A(U,Q) = sup H?(Qag)a
QCA, |Q]g=v
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assuming again without further mention that only regular bounded domains 2 C A are consid-
ered. By Weinberger’s result in [I4], we then have

1B]

[

SWan () = ( )_ o).

where B denotes the unit ball in RY. The eigenvalue u2(B) has multiplicity N with corresponding
eigenfunctions z <p(|:c|)|zz—|, i=1,..., N, where ¢ can be expressed in terms of a rescaled Bessel

function of the first kind and satisfies ¢(0) = ¢’(1) = 0. For matters of convenience, we normalize
o such that

/0 () dt = ﬁ ()

see Section [2] below. We are interested in the local effect of curvature terms on the Szego-
Weinberger profile. For this we study the profile in a small geodesic ball B, (yo,r) of M centered
at a point yy € M with radius r. In our main result, we obtain the following optimal two-sided
local bound.

Theorem 1.1 Let M be a complete N -dimensional Riemannian manifold with N > 2, and let
S denote the scalar curvature function on M. Moreover, let yo € M, and let

_ 2p2(B) + (N +2)(N - 2) — (N +2)|B|]¢*(1)
B 6N (N +2)us2(B)
1 N -2 1

T 3N(N+2)  6Nm(B) 3N(uB) -N+1) 3)

IN

Then we have:
(i) Asv — 0,
SWaq(v)

m > 1*’YNS(Z/0)(®)N +0(v%). (4)

(ii) For every yo € M and every e > 0 , there exists ro > 0 such that

SWBQ (vaTE) (U)
SWRN (U)

2o

v

L (o Stw) +2) () <

i < 1= S —9) (1) (5)

forv e (0, |Bg(y0ar€)|g)'

(iii) yn <0 for all N > 2, and vy — 0 as N — oo.

Some remarks are in order. The right hand side of (@) can be replaced by

£

1= [ sup sw)] () +olo?)

Yo EM

if the supremum of the scalar curvature is attained on M, e.g. if M is compact. The equality (8]
2p2(B)
#2(3)2*1\7 +10 S
Lemma [ZT] below. The coefficient vy is uniquely determined by the two-sided estimate () and
therefore sharp. To determine the sign of yx for large N, fine estimates on p2(B) are needed. In

Lemma 2] below, we will prove that

is derived from an integral identity for Bessel functions which gives |B|¢?(1) = ee

N + 2, for N =2,3,4,
N+1< pe(B) < 2 6
S P for N > 5. ©)
N -2
From this we then deduce part (iii) of Theorem [[LT1 The bounds in (@) might not be new,
but we could not find any suitable bound in the literature. It seems natural to deduce bounds



on o (B) from the fact that \/p2(B) is the first positive zero of the derivative of the function
t s t2=N)/2 ]y 5(t), where Jy o is the Bessel function of the first kind of order N/2. However,
to obtain the upper bound in (@), we use the variational characterization of po(B) instead. See
Section 2] below for details.

As a consequence of Theorem [[LT] we readily deduce the following local isochoric comparison
principle related to the Szego-Weinberger profile.

Corollary 1.2 Let (M1,¢91), (Ma,g2) be two N-dimensional complete Riemannian manifolds,
N > 2 with scalar curvature functions S1, So respectively. Let y1 € M1 and yo € Mo such that
S1(y1) < Sa(y2). Then there exists r > 0 such that

SWa,, 1.y (V) < SWh,, (42,1 (V) (7)

for any v € (0, min{| By, (y1,7)[g1: | Bga (Y2, 7)g })-

We emphazise that in the special case where (Ma, g2) is a space form of constant curvature,
the right hand side in () may be replaced with us(F, g2), where E is any geodesic ball of volume
v in M. This follows from the local expansion of pg in small geodesic balls in these manifolds,
see Remark B.3[(ii) below.

Corollary [[.2] should be seen in comparison with the results in [6L[7,9] concerning the isoperi-
metric profile In( and the Faber-Krahn profile F K of M. More precisely, set

1 ,g) = inf o0
m(v, 9) Qch,n\mg:U' lg
and
FK = inf A1 (Q
M(Uag) QC/\/ll,r\lng:v 1( ag)a

with A1(€, g) being the first Dirichlet eigenvalue of —Ag in Q. Let y € M and k € R be such
that S(y) < (N —1)N k, where S(y) denotes the scalar curvature of M at y. Furthermore, let
(M™, gx,) denote the space form of constant sectional curvature k. Then there exists r, > 0 such

that for any v € (0, | By (y, ry)|g) and any geodesic ball E of volume v in (MY, g;), we have

IBg(vay)(v’g) > |8E|gka (8)

FKBy(vay)(U’g) > Al(Eagk) (9)

Inequality (8) was established by Druet [7], and (@) was derived independently by Druet [6]
and the first author [9]. The first ingredient in the proof of (@) is the following expansion of
M (By(y,7),9) when r — 0:

/\1(3) S(?JO)

r2 6

Al(Bg(yar)ag) = +O(7’> (1())
This expansion had already been obtained by Chavel in [4, Chapter 8]. In the proof of Theo-
rem [T} we need to derive a corresponding expansion for ps(By(y,r),g). This is more difficult
since po(B) is degenerate with multiplicity NV and the corresponding eigenfunctions are nonradial.
As a consequence, an anisotropic curvature term appears in the corresponding expansion. More
precisely, we have

B
w2(Bg(yo,7),9) = 'UQT(Q ) + anS(yo) + 20k Rinin(yo) + o(1) asr — 0 (11)

with suitable constants o, and Ry (yo) = inf{Ric,,(A,A) : A € T,,M, |A| = 1}, see Propo-
sition 3.1l below. In order to obtain an expansion depending only on the scalar curvature, we
need to consider suitable geodesic ellipsoids with small eccentricity. This is a crucial step in the
proof of Theorem [[L1] since — in contrast to the Faber-Krahn profile — geodesic balls do not give
rise to optimal two-sided bounds. As a further tool, we need a quantitative version of the Szego-
Weinberger inequality, which has been obtained very recently in the euclidean case by Brasco



and Pratelli [3]. In the proof of Theorem [[.T] we combine these tools with variants of ideas in [9]
and [IL[2/[T4] to control error terms and to construct suitable test functions for the variational
characterization of ug, see Section [l below.

We like to mention that [9] also contains a statement about the local expansion of a profile related
to minimizing p2 among domains of fixed volume relative to an open set, see [9] Theorem 1.3].
However, the proof of this statement is not correct since it relies on a comparison with a relative
isoperimetric profile which does not correspond to the Neumann boundary conditions in () but
rather to mixed boundary conditions.

Theorem [LLT] gives a first hint that critical domains for ps which are nearly balls, if they exists,
might be located near critical points of the scalar curvature of M (at least in the twodimen-
sional case). Here, roughly speaking, by a critical domain we mean a domain where ps is critical
with respect to volume preserving perturbations. Pacard and Sicbaldi [12] showed that close
to nondegenerate critical points of the scalar curvature there exist small critical domains for
the first Dirichlet eigenvalue of A,. The corresponding problem for the Neumann eigenvalue 1o
seems much more difficult. We note that Zanger [15] derived a Hadamard type formula (in the
spirit of [10, p. 522]) for a Neumann eigenvalue which depends smoothly on domain variations.
However, due to possible degeneracy, po might not depend smoothly on domain variations, and
therefore it is not clear how critical domains should be defined. On the other hand, in [§] a notion
of critical domains for higher Dirichlet eigenvalues, which may also be degenerate, is derived via
analytic perturbation theory. It therefore seems natural — but far from obvious — to develop and
analyze a similar notion for us. We wish to address this problem in future work.

The paper is organized as follows. In Section 2l we collect properties of po(B) and the function
¢ appearing in the definition of the corresponding eigenfunctions. In particular, we prove the
bounds (@) and part (iii) of Theorem [Tl in Lemma 2] below. We close this section by recall-
ing some basic notations from Riemannian geometry. In Section [3] we provide an expansion of
w2(Bg(yo,r)) as r — 0. In Section H] we calculate a corresponding expansion for suitably cho-
sen geodesic ellipsoids with small eccentricity. As shown by Corollary B2 these ellipsoids are
suitable test domains to derive Part (i) of Theorem [T} and from this the lower bound in Part
(ii) follows. Section [ is devoted to collect all tools needed for the proof of the upper bound
in Theorem [[LT(ii). In particular, we use the above-mentioned stability estimate of Brasco and
Pratelli [3] in this section, see Lemma[5.2l Arguing by contradiction, we then complete the proof
of Theorem [Tl in Section
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2 Preliminaries and Notations

We denote by B the unit ball in RY. Moreover, for a smooth bounded domain € of a complete
Riemannian manifold (M, g), we write po = p2(, g) for the first nontrivial eigenvalue of ().
The variational characterization of u2(€2, g) is given by

2
Jo IVulzdv, L / }

== 2 s ue H(Q 0}, udvg =07, 12)
R @\ {0}, [ wde, (
where v, denotes the volume element of the metric g. We recall that the minimizers of this
minimization problem are precisely the eigenfunctions corresponding to u2(9,g). If M = RV
and g is the euclidean metric, we simply write p2(Q) in place of p2(£2, g). As noted already, ua(B)
is of multiplicity N with corresponding eigenfunctions given by (p(|x|)ﬁ, i=1,..., N with

p2(2,9) = inf{

N -1 N—1
" + ¢ + (m(B) -

t2

; ) =0, te(0,1), ¢0)=¢'(1)=0. (13)

Throughout this paper, we assume the normalization (2]), which equivalently yields

/ W(|z))dz =N  and / o2 (|z)) <z—) dr=1 fori=1,...,N. (14)
B B ||



The function ¢ and the eigenvalue po(B) are obtained via Jy /2, the Bessel function of the first kind

of order N/2. Indeed, \/u2(B) is the first positive zero of the derivative of t — t2=N)/2Jy (),
and ¢ is a scalar multiple of the function

ts g(t) =t N2y 0 (V2 (B)t). (15)

More precisely, by (2)) we have

g9(t) (16)

p(t) = - :
1Bl [y g#tN—tdt

(i) pe(B) > N + 1 for every dimension N € N, and

Lemma 2.1 We have:

N +2, for N =2,3,4,
p2(B) <4 N(N -1 17
2(B) % Jor N> 5. (17)

(ii) |Ble?(1) = #ﬁ\;“ for every N € N.

(i1i) yn <0 for all N > 2.

(iv) yn = 0 as N — oo.

PROOF. Set g := pa(B). We start with the proof of (ii). Since \/uiz is the first zero of the
derivative of the function t — t2=N)/2Jy »(¢), we infer that

Tovim = T2 L () (18)

H2
Moreover, for the function g defined in (I3 we have by [I1], p.129, formula (5.14.5)]

[t = [ = 3 [ + (1) Rvim] 09)

Inserting (I8) in (1) yields

1
_ pe—N+1
/ Nl gPdt = 227%2\//2(\/#2)- (20)
0 M2
In particular, this implies pp > N — 1. Moreover, since g(1) = Jy/2(y/Hz), we conclude by (L6
that
2(1 2
Bl = Lo e
Jo tN-1g2at  p2— N +1
0
as claimed.

We now turn to (i), and we first prove that po > N + 1. Let u,v : B — R be given by u(z) = 1
and v(x) = %cp(|z|), so that —Av = pov in B and d,v = 0 on 0B. Hence we find

2
|B|<p(1):/ ﬂ<,0(|ac|)da:/ uvda:/ (v@uu—u&,v) do
o || oB oB
:/ (vAuquv) dz:ug/ uvdzzﬂ/ |z|o(|x]) dx
B B N Jp

1N 1N1 2 1N1 2 3 p2y/|B
:M2|B|/ ¢ go(t)dtgu2|B|</ ) (/ N0y dr) = ,
0 0 0 N+2

E

using Holder’s inequality and (2)) in the last two steps. Using (ii) we therefore get

p3 — (N = pz —2(N +2) >0,



and this gives

o > 2( —1+V/(N— 12 +8(N +2)) > N+ 1.

To prove (7)), we consider the functions z — us(z) = x1|z|* for s > —&, so that u € H(B)
and | p Us dx = 0. Since these functions are not eigenfunctions corresponding p2, the variational
characterization (I2]) gives

Jpu2dx [ 3]s dx - [ |z]?572 da
(N +5*+2s)(N +25+2)
- N +2s '

[ Vus2de  Jp (IwIQS + (s + 28)w%|wl2(s‘”) dr (N 4 5% + 25) [, |e|> dz

M2 <

If N € {2,3,4}, we may take s = 0 and obtain the first inequality in (7). If N > 5, we may take
s = —1 and obtain the second inequality in (I7). This finishes the proof of (i).
To prove (iii), we consider the function

1 N2 1
3N(N+2) ' 6Nt 3N({—-N-+1)

on:(N—=1,00) = R, on(t) =

and recall from @) that yx = on(u2). We note that

202 — (N -2)(t—N+1)2 (4—N)t>?+ (N —2)(N —1)[2t — (N — 1)]

N = NG Ny 6N(t— N+ 1)22 1)
Hence o’y (t) >0 in (N — 1,00) if N € {2,3,4}, and therefore (I7) implies that
N -4 .
'yN:JN(ug)<UN(N+2):m <0 it N e{2,3,4}.
If N > 5, the zeros of the numerator in (21 are given by TN = i [N—-2+ \/7 whereas

T <N-1< M < 7. Moreover, o/ (t) > 0 on (N — 1,7 ), and thus () implies that

NN —1) 4N ,
_ IN > 5.
N—2 ) Tamemwigwon <0 HN25

v = o(p2) < on(

This ends the proof of (iii).
(iv) simply follows from the definition of vy and the fact that yx > N + 1, as shown in (ii). B

Let (M, g) be a complete Riemannian manifold of dimension N. We fix yo € M and con-
sider an orthonormal basis E1, ..., Ey of Ty, M. In the sequel, it will be convenient to use the
(somewhat sloppy) notation

X :=2'E; € Ty M for z € RV,

Here and in the following, we sum over repeated upper and lower indices as usual. We consider
the geodesic coordinate system

RY 3 2+ ¥(z) := Exp,, (X) (22)

A geodesic ball in M centered at yo with radius r > 0 is defined as By(yo,7) = ¥(rB). The map
¥ induces coordinate vector fields Y; := U, -2; 527> which are pointwise given by

Yi(z) = dExp, (X)E; € Ty M, i=1,...,N.
As usual, we write the metric in local coordinates by setting
gij(z) = (Yi(x), Y](x))g for z € RY.

The following local expansions are well known and can be found e.g. in [5] §I1.8].



Lemma 2.2 In the above notations, for anyi,j =1,..., N, we have

1 1.
9iy(2) = 8y + 5 (Ryy (X, B)X, By, + Ollaf®) and  dvy(x) = (1= ¢ Ricy (X, X) +O(fa]*) ) de.

Here dx is the volume element of RY, dvg s the volume element of M,
Ry, : TyyM x Ty M x Tyy M — Ty M

is the Riemannian curvature tensor at yo and

Ricy, : Ty M x Ty M =R, Ricy (X,Y) = —

3

<Ryo (X’ Ei)ya Ei>

N
=1

is the Ricci tensor at yo. Moreover, the volume expansion of metric balls is given by

By(yo )|, =¥ |B (1 - P S(yo) + 0<r4>) : (23)

1
6(N +2)
where S is the scalar curvature function on M.

Here and in the following, once yo is fixed, we also write (-, -) in place of (-, -)4 to denote the scalar
product on 7T, M induced by the metric g. It will turn out useful to put

Rijkl = <Ry0 (Ez, Ej)Ek, El> and Rij = Ricyo (E“ E]) for ’L,] = 1, ey N. (24)

N

The scalar curvature of M at gy is given by S(yo) = > Ri;. We point out that the orthonormal
i=1
basis F;, i =1,..., N can be chosen such that
Rij =0 for 4 7é j, (25)

and we will fix such a choice from now on. We finally note that the euclidean scalar product of
z,y € RY will simply be denoted by z - y.

3 Expansion of uy for small geodesic balls

The main goal of the this section is the derivation of the the following expansion for pue on small
geodesic balls centered at yg.

Proposition 3.1 For r > 0 we have

B _
pa(By(u1).9) = P22 1 05 5(00) + 2055 Runin ) + 0(1)

where

a&Zl(M_l)’ QEZE(MH), Rpnin(y0) =

Ric, (A A
6\ N+2 6\ N+2 ey (4, 4)

inf
AET,, M,|Al=1
and o(1) = 0 as r — 0.

PROOF. Let r > 0 be smaller than the injectivity radius of M at yo, so that By(yo, ) is a regular
domain. Let u, € C3(B,(yo,r)) be an eigenfunction corresponding to the eigenvalue problem

Agur+/j/2(Bg(yOar)ag)uT =0 in Bg(yOaT)a <vu7‘an7‘>g =0 on aBg(yOaT)7

where 7, denotes the outer unit normal on 0By(yo,7). Replacing w, by a scalar multiple if
necessary, we may assume that u, is a minimizer of the minimization problem

w2(Bg(yo, ), g) = inf {/ |Vf|§ dvg: f € Hl(Bg(yo,r)),/ f? dvg =1, / fdvg = 0} .
Bg(yg,r) Bg(yg,r) Bg(y()ﬂ")



Via the exponential map, we pull back the problem to the unit ball B € R". For this we consider
the pull back metric of g under the map B — M, z — ¥(rz), rescaled with the factor T%
Denoting this metric on B by g,, we then have, in euclidean coordinates,

(9:i5(0) = (s o) = (Va0 02), V5 () = i),

so that
2

l9r1ig (@) = 615 + - {Ryy (X, E)X, B} + O(r°) (26)

and
2

9 (@) = 9 — - (Ry (X, E) X, B}) + O(r") (27)

uniformly for = € B as a consequence of Lemma Here, as usual, (¢);; denotes the inverse
of the matrix ([gr]i;)ij- Setting lgr| = det([gr]i;)ij, we also have v/|gr|(z) =1— = B & Ricy, (X, X) +

O(r?®) for x € B by Lemma 22 Since this expansion is valid in the sense of C1- functlons on B,
we have

2
aii\/|gr| = —%Ricyo(X, E)+0@3)  fori=1,...,N. (28)

We now consider the rescaled eigenfunction

N

®,:B—R, D, (z) = rzu(¥(rz))
which satisfies
AN D+ p2(B,gr) @, =0 in B, <V(I)T’77>9T =0 ondB,

with

1 0 5@
AgT(I)T = T a0 V |g7‘| 9y and MQ(BagT) = TQMQ(Bg(yOar)ag)'
Vgr| 92 Oz’

Moreover, [ ®2dv,, = 1 and [ ®, dvy, = 0 with dvg, = +/|gr|dz. Since g, converges to
the Euclidean metric in B, it is easy to see from the variational characterization of o that
u2(B, gr) = pe(B). Moreover, by using standard elliptic regularity theory and compact Sobolev
embeddings, one may show that, along a sequence 1, — 0, we have ®,, — ® in H!(B) for some
function ® € C? _(B) N C*(B) satistying

AD + ps(B)® =0 in B, (V®,n) =0 on 0B, /<I)Qd:c:1 and /@dz:().
B B

Hence there exists a = (a1, ...,ay) = (al,...,a") € RY with |a| = 1 and such that

a-x —
D(x) :g0(|:c|)m for z € B.

For matters of convenience, we will continue to write r instead of ri in the following. By integra-

tion by parts, using (V®,, n}gr =0 and dvg, = +/|gr|dz, we have

0P 00,
w2(B, gr) / D, dv,, = /@AgT<I> dvg, = /\/|gT gr 5 Bl
B

In the following, it will be convenient to use the notation

N
~ Oh — —
Vh = E %El : B = Ty M for a C'-function h defined on B.



With this notation we find, using 7)) and ([28) and integrating by parts again,

. 0P 0P 2 - -
i T dr = . - — 3
/B\/|gr|gr S da /B\/|gr|(v<1>r Ve - % /B<RyU(X,V@T)X,V®>)d:c+O(T) (29)

2 ~ ~
:f/ \/|gr|(A@)@szf/ ®,.V|gr|- VOdx — %/ <Ry0(X,V<I)T)X,V<I)>d:E+O(r3)
B B B

2 ~ 2 ~ ~
ZNQ(B)/ oD, dv,, +%/ ®, Ric,, (X, V) dz — %/ (Ryo (X, V®,)X, V) dz + O(r3).
B B B

Therefore, since [, ®®, dvg, — 1 and @, — ® in H'(B) as r — 0, we obtain

2 ~ 2 ~ ~
1i2(B, gr) = p2(B) %/ d Ricy, (X, V®) dx — %/ (Ryo (X, V)X, V) dz + o(r?).  (30)
B B
Noticing that
Vo(r) = (gp’(|z|) - M) (4, x)x + 20z 4 with A = a'E; € T,,M, (31
|| || ||
we find
/ (Ryy (X, VD)X VD) d:c:/ 7 (|f|)<RyQ(X, A)X, A) dz = <Ry0(Ei,A)Ej,A>/ 7 “f”ﬂ:cﬂ da
B B |7 B |zl
1
= (R, (E;, A)E;, A) / AN dt / z'x! do = —Ricy, (A, A). (32)
0 oB

Here we used the identity [,, #'27 do = 6| B| and the normalization (@) in the last step. More-
over, we compute via integration by parts, using (25]),

. 0D ,0P?
2/ @RicyO(X,V@)dx:2Rij/zza—,q)d:c:Rii/ zza — dx
B B 5303 B a.’L'l

_ _(ﬁ: Rii)/B@Q dz + Ry, /BB[xi]?@? do
- —Stuw) [ %wuxndzw?mm [ Py ao

OB

Recalling (I4)) and using the identities

o 3B o
/ [z']*do = 3/ [2")2[27)2do = il and / 'ed[2*)?do =0 fori,jk=1,...,N,i#j,
o oB N +2 o

we find that

2/ ® Ricy,(X,V®)dr = —S(yo) + @2(1)Riiakal/ [']2z" 2! do
B oB

=80 + PRl | WPt do = =(0) + EE0 (S0) + 2Ruala’)
- (SQN%'S' . 1) S(yo) + 2%(171@3' Ricy, (A, A). (33)
Combining (30), (3I) and B2), we get

and therefore

p2(Bg(yo,r), g9) = 'UQ(fQ’ 9) = MQT(QB) +ayS(yo) + 204§R’L'Cy0 (A, A) + o(1). (34)




We now need to recall that — more precisely — here we have passed to a sequence r = rp — 0.
Nevertheless, the argument implies that

B _
p2(Bg(yo, 1), g) > HQT(Q ) + anSWo) + 20k Rinin (yo) + o(1) asr — 0. (35)

Indeed, if - arguing by contradiction - there is a sequence r; — 0 such that

. B _
h}ICnSHP p2(Bg(yo, k), 9) — %} < anS(¥o) + 208 Rimin (v0), (36)
—00 k

then by the above argument there exists a subsequence along which the expansion (B4) holds with
some A € Ty M with |A| = 1, thus contradicting (36). By (35), the proof of Proposition Bl is
finished once we have shown that

112(By(yo,7), g) < H2(B)

+ayS(yo) + 20 Ricy, (A, A) + o(1) (37)

for all A € T, M with [A|] = 1. So now consider a = (a',...,a") € RY arbitrary with |a| = 1,
and let A = a'E; € Ty, M. We define

and

Then, by Lemma 2.2]

= (é n o(ﬂ)) (/B O(z)[1 — %Ricyo (X, X)|dz + O(r?’)) = (é +O(r ))O(r?’) =0(r*),

since the function = — ®(x)[1 — FRicy, (X, X)) is odd with respect to reflection at the origin.
Hence, using the variational characterization of ua(B, g, ), we find that

/ IV(® — ) dvgr /B |V<i>|§r dvg, /B |V<i)|ZT dvg, + O(r®)

2(B, gr) =
(® — ¢,)? du,, / % + O(r?) du,, / o2 du,,
B B

B

and therefore

12(B, g) / 82 dv,, < / VP du,, + O / AP +o().
B By (yo.r) 3 3 I

It is by now straightforward that the same estimates as above — starting from (29) — hold with
both @, and P replaced by ®. We thus obtain (1), as required. ®

Corollary 3.2 We have

12(Bg(yo,7),9) = (1 — Blwo) <I%I)

as v = [Bg(yo,r)|, — 0 with

BN
BN

+"<|B|)

12(B)S(yo) — 3N (N +2) (ayS(yo) + 20 Rmin (v0))
3N(N + 2)u2(B) '

) SWi (v) (38)

B(yo) =

10



PROOF. By the volume expansion (23]) of geodesic balls we have

(o)™ = (B le)™ -1 s + o)

S

1 N v
) o)
N2 W\ B
as v = [By(yo, )|, = 0. Together with Lemma 3.1 this yields

u2(Bg(yo, ), 9) = MT(QB) + anS(yo) + 20k Runin (yo) + o(1)

() SRt (2 (2
(1~ (g - 2 ettt () o () st
- (1 - 3t (757) " () _> SWan (v)
as v = | By (yo,r)|, — 0. m
Remark 3.3 (i) Since
Runinl) < 280, (39)

. N _ 1Ble*(1) — ( )
_ . 20 Blp*(1) = (N —2
= 4
NtN 6N ’ (40)
Proposition [3.1] and Corollary yield

Oé+
pa( By 7). 9) < 2P 4 (0 + 22 540) + o) (a1)

- (1 — N (;ﬁ)% S(yo)—l—o(;ﬁ)%) SWen (v)

as v = [By(yo,7)|, — 0 (and therefore r — 0) with yy as in ([@). Notice that when N = 2,
equality holds in (BY) and (I]). Therefore the two-dimensional version of (B8] is

v v
|

p2(Bg (Yo, 7). 9) = (1 ~ 27 S(yo) + o (If)) SWe (v).

(ii) Denote by (MY, gx) a space of constant sectional curvature k. Then equality holds in (33)
because Ric = (N — 1)k g, on MY . In particular if E is a ball in (MY g;) with small volume,
one has that

wa(E, gr) = (1 — N <||EL|39|’€ > " N(N-1k+o ('iL‘T > N) SWrr (|E|gy)- (42)

4 Expansion of uy for small geodesic ellipsoids

As before we fix yg € M, and we continue to assume that the orthonormal basis F1,..., En of
Ty, M is chosen such that (23] holds. In the following, we consider

_ 2u(B) + N|Blg(1)
N +2

VN > 0,

11



and we let

+
. aN S(yo) .
oy IN(R. fori=1,...,N 4
bz b VN( (X Z‘f ) or 1 9 ) ) (3)

where oz; is defined in Proposition Bl The reason for this choice will become clear later. We
note that g: b; = 0 since S(yg) = g: R;;. For r > 0, we now consider the geodesic ellipsoids
E(yo,r) = Fu(B) C M, where

F.:B— M, F,(z) = Exp,, (r(1 + r2b;)2' E;).

The special choice of the values b; gives rise to the following asymptotic expansion where the
local geometry only enters via the scalar curvature at yq.

Proposition 4.1 Asr — 0, we have

Mr(f) +(ay + %)S(%) +o(1), (44)

p2(E(yo,7),9) =

with aﬁ as in Proposition [31] and

B0, M)y = 1By (90,7l + O *4) = V| B (1 - rS(y) + O(H)).  (45)

1
6(N +2)

PrOOF. We consider the pull back metric h, on B of g under the map F, rescaled with the

factor %2 Then we have

[helig () = (14 770:) (1 + r2b;)[gr]is (1 + r2br)xber) = [gr]ij (@) + 77 (bi + b;)di; + O(r*)  (46)

22 3
J a9 0 y i ; % 4
= b+ 12 (5 (Ryn (X, B)XL By) + (b +b;)0,5 ) + O(r")

uniformly in « € B. Setting |h,| = det([h,]i;)ij, we deduce the expansion

|he|(z) = |gr|(z) + 207 Zbi +0(r*) = |g-|(z) + O(r*) for x € B.

i=1

This implies that
B 1)l = [Bla, = (1Bl +064)) = By(yo.)ly + O+,

as claimed in ([@H]).
We now turn to ([@4]). We first note that pa(B, hy) = 7?2 (E(yo,r), g); therefore @) is equivalent

to
+

pa(B,hy) = pa(B) + (o + 2 )5 (yo) + 0(r?). (47)

Let @, be an eigenfunction for piz(B, hy), normalized such that [, ®2dv,, = 1 with dvs, =
\/|hr|dxz. Then we have

Ap, @, + pa(B,hy) @, =0 in B, <V@T,n>m:0 on 0B,

where

1 0 0D
Ap @, = —— 2 (S I )
hy mazz ( | | r 81'])
Since h, converges to the Euclidean metric in B, the variational characterization of po implies
that po(B, hy) — p2(B). Moreover, as in the proof of Proposition B we have ®,, — ® in H'(B)
along a sequence 7 — 0 with some function ® € C2 (B) N C'(B) satisfying

loc

AD + (15(B)® =0 in B, (V®,n) =0 ondB, /<I>2dx:1 and /<I>d:z::0.
B B

12



Hence there exists a vector a = (a1,...,an) = (a',...,a") € RY with |a] = 1 and such that

o(z) = p(jz)) == for z € B.

||

For matters of convenience, we will continue to write r instead of 7y, in the following. By multiple
integration by parts, using 8] and ([28)), we have

HQ(B,h;T) / (I)(I)Tdvhr :7/ @Ah 0] d’Uh —/ \/|h r (69(1) Z(I)J
B

=/B\/W[vq>rvq>—r2( (Ryy (X, V®,)X, vq>>+2bzg@ ?;Zz)}d O

—/ \/|hT|(A<I>)<I>de—/ ®,V/|hy|- VO da — %/ (Ryo (X, V®,) X, V) da
B B

B
0% 00,
f2r/ba e 4+ 0)

2 ~ 2 ~ ~
:MQ(B)/ oD, duy, +%/ Ricy, (V®, X)®, do — %/ (R, (X,V®,)X, VD) dx
B B B

0P 09,
—9 % 3.
r/ba 3zd$+0(r)

Since [ P, dvp, — 1 and &, — ® in H'(B) as r — 0, we may use the calculations in the proof
of Proposition B 1] starting from (B0Q) to obtain

2 ~ 2 ~ ~
pa (B, hy) = pa(B) + %/ Ric,,(V®, X)®, dz — % (Ryo (X, V®,)X, VD) dx
B

0P 0D,
9,2
2T/b8x16x1d+( )

= u2(B) + 7‘2( ~S(yo) + 2r*af; Ric,, (A, A) — /]_E;bi(%)Q dac) + o(r?) (48)

T

2
with A := a'E; € T,, M. It remains to compute [, bz(a‘%) dx.
gﬁ- = (cp (|=]) — M) mQa]z] + azM and thus

|| ||

(5_47) W( S (Jaf) — 22 I)) ajanlPaiat + 2“D|i||2|)+2‘p(|$|)(so’(|x|)—M)aiaj:cixj

Ozt || |z[? z|

forx € B and i = 1,...,N. Noting the oddness of some of the integrands and passing to polar
coordinates, we therefore obtain

88 e - v
|

1 n 2 _ _ _ 1
:biaf/o thl(gp’(t)—@) dt/aB[xz]?[xJ]?dHbza§|aB|/O V=32 gy

t
o [ e(t) ;
+ 2b1a§/ tN"20(t) (Qol(t) — —) dt/ [2']? do. (49)
0 t oB
Put dy := fol tN=3p2 dt. By ([3), we have
' B ! 2(1) N-2
/ tN_l((PI)Q(t)dt:MTé|) —(N—l)d]\[ and / tN—Q(p/(t)(p(t)dt:(p; ) _TdN
0 0
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hence

/OltNl(wt)@f dt = “Tgf)ﬁa) and /OltN2<p(t) (cp/(t)—@) dt = %(&(1)*1de).

Inserting this in ([@9), we get

/Bbi(g;f da = bia?(MTg? ) /BB[:CZ']?[:EJ']? do + Va2 Bldy + ba? (¢*(1) — Ny ) /BB[:ci]? do.

Recalling furthermore the identities

. o 3 , |0B|
114 112 2 7\2
T da:3/ 2'*[2x?]* do = ——|B|, / 2')°do = —— =|B
| i [ WPl = il [ e =S < 1m
N
fori,j=1,...,N, i +# j and also that >  b; = 0, we obtain
=1
o 2|B| ,
b; PlaiPdo = ——b  forj=1,...,N
P R R

and thus

(00N a(B) 0B, -
i — 1ig2 2 o2 a2 02(1) —
/Bb (axi) dw = b3 G (1))N+2 +'a?N|Bldy +b'a? (*(1) - Ndy ) |B]

- 2u9(B) + N|B|p?(1 .
:b’ba? HQ( >;+|2 |SD():VNbZa/12

Inserting this in (48], we obtain

(B, hy) = po(B) + 12 [ozX,S(yo) + 2(af Ricy, (A, A) — I/Nbia?)} + o(r?)

a+ .
= 1s(B) + 12 (0 + 248 yo) + 2arh (Ricy, (4, 4) — 20y iad)] 10(s2),

where

oy (Ricy, (A, A) - %) — wnbia? = o) (o (Rii -

P =

S
(Ji’;’)) —unbi) =0
by our choice of the b; = b* in ({@#3]). This shows [T, as required. B

Corollary 4.2 We have

(B (o, 7)., g) = (1 —w <E>

as v = |E(yo,7“)|g — 0 with vy as in (3).

£
2z

w(7a1)

PROOF. This follows readily by combining (40), (44) and ({Z5]). m

) SWan (v), (50)

5 A local upper bound for us

We fix ¢ > 0 less than the convexity radius of M at yg, so that r¢ is also less than the injectivity
radius of M at yo. As in [14], we consider the function

{w(t) if <1,

G:R—= R, G(t) =
O=9100) =1,

14



where ¢ is the function defined in Section Throughout this section, we consider a sequence
of numbers r;, € (0, %) such that r,, — 0 as k — oo, and we suppose that we are given regular
domains Q,, C Bg(yo,7x), k € N. In order to keep the notation as simple as possible, we will
write r instead of ry in the following. By [Il Theorem 3], there exists a point p, € By(yo,r) such
that

Exp;, ' (q) dvy = 0. (51)

pr

/ G(|Expy, (4)l4)
o, [Exp,’(q)ls
Moreover, there exists a unique p, € (0,7) such that that [Q,|; = |By(pr, pr)lg. We have that,

for every r > 0 small, By(pr, pr) C Bg(yo,2r) and also Q, C By(pr, 2r). Now we need to extend
some of the notations introduced in Section 2l For this we let

y— EY € TyM, i=1,...,N
denote a smooth orthonormal frame on By (yo, ro), and we define
U, : RN — M, U, (z) = BExp, (¢'EY).

We also define 5 )
pr=2L and U, :=—0-Y(Q,) C B, (52)

Pr Pr
and we consider the pull back metric of g under the map B" — M, z +— U,.(p,x), rescaled with

the factor p%. We denote this metric on B" by g, and we point out that this definition differs
from the notation used in the proof of Proposition Bl By (&), it is plain that

G .

/ |(|”|”|)zzd% =0 fori=1,...,N. (53)
T

We also write

Rijy = (Ry(EY" )BT, EY) and - Ry := Ricy, (E]", EJ")

for i,j,k,l=1,..., N. To be consistent with the notation introduced in the end of Section 2] we
also write
Riji = (RyU(Eg’U,EJyU)E};”,ElyU) and R;; := RicyO(EyU,E;/O).

2

Since dist(pr, yo) = O(r), we then have
Ry = Rijn +O(r) and R, = Rij + O(r) for ¢,5,k,l=1,...,N. (54)
By Lemma we also have

2
(9r)ij(x) =i + p—ngZiljxkiEl + [2[20(p});

dvy (z) = g (@) dz = (1 — L Rralah |z|30(p§)) dz, )
uniformly on B", where |g,| is the determinant of g,, so in particular
(9r)ij(x) = 6;; + O(r*) and dv,, () = (1 + O(r?))dz uniformly on B". (56)
Observe that
Uk, = o190y = 5 Byl prlly = 1Bl and () =250
Moreover, since U, C B” and B C B", we infer from (B6]) that
U] = (1+0(*)|Uslg, = (1+0@*))|Blg, = (1 +O(r*))|B]. (58)
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Setting

we find that [, fidvg, =0 fori=1,...,N by (3), and hence the variational characterization

of o yields
N
> [ Vs,
p2(Ur, gr) < ZZlN - . (59)

;/UT ffd”gr

We also note that

% = |S|/2 i+ %[&k T;T;] for every i,k=1,...,N (60)
and, by direct calculation as in [I4],
iﬂ:GQ le Po@p v -ne (61)
= l [

Here and in the following, we simply write G instead of G(|-|) or G(|z|) and G’ instead of G'(]-|)
or G'(|z]) if the meaning is clear from the context. In particular, using (6Il), (I4) and recalling
that ¢ and G coincide in [0, 1], we observe that

a2 N N
G+ (N —-1)—7)dx = /vﬁdz: B / 3| da 62
(@7 +w-ngs) S [ k=@ [ 15 (62
= a(B) [ A (al) do = Nya(B).
Lemma 5.1 In the above setting, we have

G2 2 G2
/ (G')* + (N — )7 | dvg, + &/ —QRszl:ck dvg,

U, |z] 3 Ju, ||

MQ(Uragr) S
/ G? dvg,
U,

as r — 0. Moreover,

(1+00*))p2(Ur, gr) < p2(Uy) (64)

and )
2 |B|p; 2,N+1 2
G*dvg, > N — TS(yO) Pt T dE + O(rps). (65)
U, 0
PROOF. We start by proving (GH). Clearly
G? dv,, = / G? dv,, —|—/ G? dv,, —/ G? dv,, .
U, B U \(U-NB) B\(U,NB)
Using (B7), the fact that G is non-decreasing and that G = ¢(1) on U, \ (U, N B) we get
G vy, > [ G vy, + (V) (U U (1 By, = 1B\ W0 B),.) = [ GPa.

U,
Now by (B3) and ([I4) we have

2 1
/G2 dvg, :/ <p2(|x|)dx—&/ @QtNHdt/ Rya'abdo 4+ O(p?)
B B 6 Jo o8B

B|p? !
=N - %S(yo)/ O*tNTLdt + O(rp?).
0
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From this we conclude
2 |B|P2 ! 2,N+1 2
/ G* dvg, > N — TTS(yO)/ O tNTrdt + O(rp?),
U, 0

so that (63 holds. Moreover, by (B5) we have

‘ of;
I 0PIV,

in B". Using furthermore that, by general properties of the Riemannian curvature tensor,

R, /2% = 0 for every [, m and R ktm xlz™ = 0 for every j, k, we obtain

T afl laf’b _ G2 r J l
jklm'r a drm |$|2 jiliz €

by (@0). Therefore, summing over 7 and using (@1l), we find that

VAR = VAR - B Ry’

N
G? 2G? , G?

SIVAER = (G2 + (N = 1) + B Rmyaal + 0 (pfal® (G2 + (N =1)=5 ) ). (66)
o " 3[a] ||

i=1

To estimate the last term in (B6), we first note that, since G’ =0 in U, \ (U, N B) C B",

3 3 "2 G? |$|3
o 2 (G2 + (N = 1) ) dug, = p2G(1)° e
U \(U,NB) || U, \(U,-NB) ||
<rprG(1)?|U|y, = O(rp}).

Moreover, since |z| < 1 in B we have

ot [ e (@) (v 1)%) v, = O(5%) = O(r?).

Hence we deduce that

0 (3P (@2 + v - 1) ) oy, = 02 (67)
oo ( o)

Now (G3) follows immediately from (B9), (G1I), (65), ©6) and (7). Combining (G3) and ([65), we
also deduce that
p2(Ur, gr) < C+O(r?) as r — 0 with a constant C' > 0. (68)

Now to prove (64]), we consider a normalized eigenfunction h, corresponding to p2(U,), i.e.
h, € HY(U,) satisfies

/ hdx =1, / hydz =0 and / |Vh,|? de = pa(U,).
U, U, U,
By (B6) and (B8) we then have

vl
hy dvg,
|U |g'r‘ U, g

With ¢, = fU hy dv,, we therefore deduce

1 / ,
hyldz < O(r
Ty, Jo, Pl < O,

U,

= 0(r?)

/Xm—qumz/(m+mﬁWa+ow»m:1+mﬁy

T T

Therefore the variational characterization of us (U, g) yields
2 2 2 2 2
< 100, 7S v, = (14067 [ 19 406%) dr = (14004 a(t),

and (64) follows. m

The following lemma controls the symmetric distance between B and U, with the help of a recent
stability estimate of Brasco and Pratelli [3] for ps2 in the euclidean setting.

p2(Upr, gr) <
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Lemma 5.2 Assume that p2(U,, gr) > p2(B)(1 4+ o(1)) as v — 0 for the family of domains U,
defined in (B2), and let U, A B = (U,UB)\ (U, N B). Then

|U.AB| =0 asr — 0. (69)

PROOF. We consider the rescaled set U.. = (146(r))U,, where §(r) is chosen such that |U/| = |B.
Then §(r) = O(r?) by (6J). By ([64) and by assumption, we see that

p2(U;) = (1+8(r)2u2(Ur) 2 (1 +O(r*))u2(Ur, gr) = p2(B)(L +0(1))  asr —0,

whereas uz(U.) < p(B) by Weinberger’s result [14]. By [3} Theorem 4.1], there exist points
z, € RN such that

U; A B(x,)]? < Cp2(B) = p2(Uy)) =0 asr—0 (70)

with some constant C' > 0, where B(x,.) stands for the ball in RY centered at z,. with radius 1.
Since 6(r) = O(r?), it is easy to see that

. s ! _
lim |U, A B(a)| = lim U] A B(a,)| = 0. (71)

Consequently, ([@9) follows once we have shown that xz, — 0 as r % 0. So we suppose by
contradiction that, after passing to a subsequence, inf, |z,| > 0 and ‘ — 29 as r — 0 for some

zo € RY with |zg| = 1. From (E3)), (B6) and (1), we then infer that

/G|x+xT ki, :I:de:/ G(|x|)i-xodx:/ Glle)) = 2o de + o(1) = 0
B(z,) || U, ||

[ + 2|

as r — 0. If |2,| = oo for a subsequence, it would follow by the definition of G that

Tr+x
=" . ggdr — 0 asr — 0,
B |7+
whereas, on the other hand, ﬁiir‘ — xo uniformly on B. This is impossible, so we conclude that

the sequence z,. is bounded and therefore, along a subsequence, x, — & # 0 as r — 0 for some
7 € RN\ {0}. Using (53), (B6) and (7I) similarly as before, we now infer that

T+ T

Gllx+Z|))——= -Zdz =0 (72)
/B |z + 2|

Let D :={x € B : x-% > 0}, and let 0 : B — B denote the reflection at the hyperplane

{x € RN : z.% =0} given by o(z) =2 — 2z - ﬁ:ﬁ Elementary geometric considerations show

that

T+T olz)+2 .
T

r+z|>|o(x)+x and —_— T > |
| | > |o(z) + P o(2) + 7|

for x € D\ Rz.

Since G(]z|) is nondecreasing in |x| and positive for « # 0, we conclude by a change of variable
that

—+x~f T = T+ x+i~:i o(x iio(z)Jr:i.i T
[ Glla il I wde = [ G+ a) T 5+ Gllola) + ) S 7] do >0,

contradicting (72)). The contradiction shows that x,, — 0 as r — 0, which, as remarked before,
yields the claim. &

Lemma 5.3 Assume that
U ABl—-0 asr—0 (73)
for the family of domains U, defined in (B2). Then

N —2—|Blp(1)?
6N u2(B)

1s(Unsg) < (1 - 72 S(30) +o<p,’%>> ia(B)  asr 0. (T4)
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PROOF. We shall estimate the terms in (G3]) to reach the upper bound (74)). First note that, by
(@3), B4) and (14),

G2 G2 .Tk 2

| Somiatatin, = [ S Rpatetav, + o) = Rue [ (e ]

v, |zl B |zl B ||

= S(yo) + o(1). (75)

G(lz)? . ¥ :
oz s non-increasing,
x|

5 dr +o(1)

Since, as noted in [14, p. 636], the mapping |z| — (G")?(|z|) + (N — 1)
we have by (57

2
/ ((G/)Q—l—(N—l)G—Q)dng:/...dvgr—l—/ ...dng—/ ... dvg,
U, |z] B U \(UrNB) B\(U,NB)
G2
g/ <(G’)2 + (N - 1>—2> dvg, . (76)
B ||

Moreover, using (B5) and (62]), we compute
G G Pr pr
o2 2 1 o?
- / G+ (V- 1)) e — —T/ Ry alat do / (@) + (V- D) Nt 4 0(o?)
B || 6 Jon 0 t
B|p? ! 2
= Nia(B) = B ) [ (024 (- 05 ) ¥4,
0

Notice that, by ([3),

/ 1 (2 + v 1)%2) 0t = o [ Pl — o1+ () | Ly

N 1
= — —p(1)? +u2(B)/ O tNTlat
Bl 0
The two equalities above and (7)) yield
G? p:N Blp(1)?
/ ((GI)Q + (N - 1)@) dvg, < Np2(B) — TS(QO) + %P?«S(yo)
_|Blp;

1
L 1a(B)S(un) | Y e+ of ),
0

Combining this with (63]) and (73]), we obtain

N —2—|Blp(1)?
6N

112(Uy, gr) < pa(B) — p2S(yo) + o(p2)

and the proof is complete. B

6 Proof of the main result

In this section we complete the proof of Theorem [Tl Part (i) follows immediately from Corollary
2] and the lower bound in Part (ii) is a direct consequence of Part (i). Hence it remains to
prove the upper bound in Part (ii). For this we assume by contradiction that there exists eg > 0
and sequences of numbers 7 > 0 and vy, € (0, [By(yo,%)|,) such that ry — 0 as k — oo and

(%

SWBg(yo,Tk)(UTk) > <1 - ('VNS(QO) - 50) (ﬁ) W) SWgrw~ (’Urk).
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Then there exist regular domains Q,, C By(yo, ) with |Q,, |, = v, and such that

12(Qrrrg) > (1 (S (o) o) <®) ) S W (or,). (77)

As in Section B we write r instead of 7 in the following. We obtain p, € Bgy(yo, ) such that
(EI) holds and we define p,, g, and U, accordingly as above. It is easy to see from (T7) and the

2
scale invariance of Q — |Q|& p2(£2, g) that

2

U (U g0) > (1 ~ (4w S (o) — <0) (W)j 1BI% ua(B). (78)

By (23) and (1), we also find

|B| \* pN|B| \F 1 , ,
(PPl NV Y
(IUTIgT) (IBg(pr,pr)Ig) T IN ) Woler Foler)

and

By (pr, pr)lg\ ¥
(Beloole) ¥ _ 2y o)

Combining this with (Z8]), we obtain

a0 > (14 (I — 1500) +20)2 + ) ) a()

(1- (2B ) - o) 4 0t2)) ) (79)

and in particular ps(Uy, gr) > pu2(B)(1 + o(1)) as r — 0. From this, we can apply Lemma [5.2] to
get that
U, AB] =0 asr—0.

Therefore by Lemma (5.3 we get

N —2—[Blp(1)?
6N 2(B)

112(Ur, gr) < (1 — S(yo) p% + 0(/)3)) pa(B)  astT —0,

and this contradicts ({9). Hence Theorem [[T] is proved.
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