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MORSE INDEX VERSUS RADIAL SYMMETRY FOR FRACTIONAL
DIRICHLET PROBLEMS

MOUHAMED MOUSTAPHA FALL, PIERRE AIME FEULEFACK, REMI YVANT TEMGOUA,
TOBIAS WETH

ABSTRACT. In this work, we provide an estimate of the Morse index of radially sym-
metric sign changing bounded weak solutions u to the semilinear fractional Dirichlet
problem
(=A)Y’'u = f(u) in B, u=0 in RY\B,

where s € (0,1), B C RY is the unit ball centred at zero and the nonlinearity f is
of class C*. We prove that for s € (1/2,1) any radially symmetric sign changing
solution of the above problem has a Morse index greater than or equal to NV + 1.
If s € (0,1/2], the same conclusion holds under additional assumption on f. In
particular, our results apply to the Dirichlet eigenvalue problem for the operator
(=A)® in B for all s € (0,1), and it implies that eigenfunctions corresponding to
the second Dirichlet eigenvalue in B are antisymmetric. This resolves a conjecture of
Kulczycki.

Keywords. Morse index, fractional Laplacian, radial solution, Dirichlet eigenvalues, Kulczycki

conjecture.

1. INTRODUCTION AND MAIN RESULT
The purpose of this paper is to estimate the Morse index of radial sign changing
solutions of the problem
(=A)Yu=f(u) in B

1.1
u=0 in RV \ B, (L)

where s € (0,1), B C R¥ is the unit ball centred at zero and where the nonlinearity
f:R — Ris of class C'. The fractional Laplacian operator (—A)® is defined for all
u € C2(RY) by

. u(z) — u(y)
—A)u(z) = c(N,s) 1 — g
(=A)*u(z) = ¢(N, s) lim ) [ — g Y,

where ¢(N, s) = 22571'_%8%
be seen as the infinitesimal generator of an isotropic stable Lévy processes (see [2]),
and it arises in specific mathematical models within several areas of physics, biology,
chemistry and finance (see [2,[3l6]). For basic properties of (—A)® and associated
function spaces, we refer to [§].

In recent years, the study of linear and nonlinear Dirichlet boundary value problems
involving fractional Laplacian has attracted extensive and steadily growing attention,
whereas, in contrast to the local case s = 1, even basic questions still remain largely

unsolved up to now. Even in the linear case where f(t) := At, the structure of Dirichlet

is a normalization constant. The operator (—A)® can
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eigenvalues and eigenfunctions of the fractional Laplacian on the unit ball B is not
completely understood. In particular, we mention a conjecture of Kulczycki which
states that every Dirichlet eigenfunction u of (—A)® on B corresponding to the second
Dirichlet eigenvalue is antisymmetric, i.e., it satisfies u(—x) = —u(x) for x € B. So
far, by the results in [4,9,[12,[16], this conjecture has been verified in the special cases
N <3 se€(0,])and4d < N <9, s= % In the present paper, we will derive the
full conjecture essentially as a corollary of our main result on the semilinear Dirichlet
problem (L)), see Theorem below.

Our main result on sign changing radial solutions of (I.I]) is heavily inspired by
the seminal work of Aftalion and Pacella [I], where the authors studied qualitative
properties of sign changing solutions of the local semilinear elliptic problem

—Au=f(u) in Q wu=0 on 09, (1.2)

where Q C R¥ is a ball or an annulus centered at zero and f € C'(R) with f(0) > 0

Under these assumptions, it is proved in [I] that any radial sign changing solution of

(C2) has Morse index greater than or equal to N + 1.

In the following, we present a nonlocal version of this result in the case where 2 is the

unit ball in RY. We need to fix some notation first. Consider the function space
H5(B) :={uec H*RY):u=0 on RV \ B} c H*RY). (1.3)

By definition, a function u € H{(B) N L>®(B) is a weak solution of (LTJ) if

Es(u,v) = /Bf(u)v dx for all v € H{(B),

where
N s ) (w(z) — w(y))
— Es(v,w) i= ————= dxdy. 1.4
(va) (U /]RN /]RN ’x _ y’N+2s ray ( )
is the bilinear form associated with (—A)®. By definition, the Morse index m(u) of

a weak solution u € H{(B) N L>(B) of (ED:I) is the maximal dimension of a subspace
X C H(B) where the quadratic form

(v, w) — Es(v,w) — / f'(w)vw dz (1.5)
B
associated to the linearized operator L := (—A)® — f/(u) is negative definite. Equiv-
alently, m(u) can be defined as the number of the negative Dirichlet eigenvalues of L
counted with their multiplicity.
Our first main result reads as follows.

Theorem 1.1. Let u be a radially sign changing solution of problem (L)), and suppose
that one of the following additional conditions hold.

(A1) s € (3,1).
(A2) s € (0, %], and

/0 F(r)dr > N2;V28 tf(t)  forte R\ {0}. (1.6)

Then u has Morse index greater than or equal to N + 1.

We briefly comment on the inequality (I.6). In our proof of Theorem [II] this
assumption arises when we use the Pohozaev identity for the fractional Laplacian,
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see |20, Theorem 1.1]. Tt is satisfied for homogeneous nonlinearities with subcritical
growth, i.e., if

2N
N —2s
We also note that, in the supercritical case where fg f(r)dr < =251 (¢) for t € R\ {0},
problem (L) does not admit any nontrivial weak solutions u € H§(B) N L>°(B). This
is a consequence of the Pohozaev identity stated in [20, Theorem 1.1].

In particular, assumption (L) is satisfied in the linear case ¢ — At with A > 0. In
fact, we can deduce the following result for the Dirichlet eigenvalue problem

{ (=A)Y’u=AM in B

f(t) = At[P~2t with A >0and 2 <p<

1.7
u=0 in RV\B, (L.7)
from Theorem [T, thereby providing a complete positive answer to a conjecture by
Kulezycki (see [9]).

Theorem 1.2. Let N > 1 and 0 < s < 1, and let Ao > 0 be the second eigenvalue of
problem (1.7). Then every eigenfunction u corresponding to Ao is antisymmetric, i.e.
it satisfies u(—x) = —u(x) for x € B.

In recent years, partial results towards this conjecture have been obtained in [4L[9]
121[16], covering the special cases N < 3, s € (0,1) and 4 < N <9, s = % More
precisely, in [4, Theorem 5.3], Banuelos and Kulezycki proved antisymmetry of second

eigenfunctions in the special case N = 1, s = % In [16], this result was extended to

N =1,s¢ [%,1). Recently in [9], the conjecture was proved in the cases N < 2,
€ (0,1) and 3 < N <9, s = 1. Moreover, in [12], the result has been proved for
N=3,s5€(0,1).

While the proofs in these papers are based on fine eigenvalue estimates, our proof
of Theorem is completely different: In addition to Theorem [[.Il we shall only use
the following important alternative which is implicitely stated in [9, p. 503]: Either
(1-7) admits a radially symmetric eigenfunction corresponding to the second eigenvalue
Ao, or every eigenfunction corresponding to Ao is a product of a linear and a radial
function. Since every such eigenfunction w is a sign changing solution of (1) with
t — f(t) = Aot and has Morse index 1 < N + 1, it cannot be radially symmetric as
a consequence of Theorem [[LIT1 Hence u must be a product of a linear and a radial
function, and therefore u is antisymmetric. This completes the proof of Theorem
For a more detailed presentation of this argument and the underlying results from [9],
see Section Bl below.

We briefly comment on the proof of Theorem [LIl The general strategy, inspired
by the paper [I] of Aftalion and Pacella for the local problem (I2]), is to use partial
derivatives of u to construct suitable test functions which allow to estimate the Morse
index of uw. In the nonlocal case, several difficulties arise since local PDEs techniques
do not apply. The most severe difficulty is related to the fact that weak solutions
u € H§(B) N L>®(B) of (II)) have much less boundary regularity than solutions of
(L2)), see Proposition B.1] for details. Moreover, even though there exists a fractional
version of the Hopf boundary lemma related to the fractional boundary derivative 35
(see [10, Proposition 3.3]), it does not apply to sign changing solutions of (I.I) due to
the non-locality of the problem. Here we point out that the extra assumption f(0) > 0
is used in [I] in order to apply the Hopf boundary lemma. In our proof of Theorem [I]
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we argue differently and therefore do not need to make an assumption on f(0). More
precisely, we distinguish two cases in our proof. In the case s € (%,1), we use a
regularity result of Grubb given in [14] Theorem 2.2] to deal with the case where 4
vanishes on 9B. Moreover, in the case s € (0, 5], we use the extra assumption (L) to
ensure that 5 does not vanish on the boundary.

We point out our proof of Theorem [I.T]does not use the extension method of Caffarelli
and Silvestre [7], which allows to reformulate (L) as a boundary value problem where
(—A)*® arises as a Dirichlet-to-Neumann type operator. We therefore expect that our
approach applies to a more general class of nonlocal operators in place of (—A)*.

We wish to add some remarks on the role of Morse index estimates in the variational
study of (II)). In the case where f € C''(R) has subcritical growth, weak solutions of
(L)) are precisely the critical points of the associated energy functional
J 1 H§(B) — R defined by

) A 4y, |
dedy — | F d
J(u) v Jan ]a:— ’N+2s ray A (u) dz,
where F(t fo ) ds. Moreover, J is of class C?, and thus the behaviour of J near

a crltlcal pomt u is closely related to the Morse index m(u). Typically, critical points
detected via minimax principles lead to bounds on the Morse index. In combination
with Theorem [L.T], this allows to show the non-radiality of certain classes of sign chang-
ing critical points. In this spirit, it is proved in [I] that, under suitable additional
assumptions on f, least energy sign changing solutions of the local problem (L2) are
non-radial functions.

We regard to the existence of least energy sign changing solutions of the nonlocal
problem (LL]), we refer to the recent paper [22]. For existence results for sign changing
solutions to related nonlocal problems, see e.g. [18,23] and the references therein.

The paper is organized as follows. In Section 2] we introduce preliminary notions
and collect preliminary results on function spaces. In Section [, we investigate radial
solutions of (II]) and properties of their partial derivatives. In Section [l we complete
the proof of Theorem [Tl Finally, in Section [, we complete the proof of Theorem
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2. PRELIMINARY DEFINITIONS AND RESULTS

In this section, we introduce some notation and state preliminary results to be used
throughout this paper.

We first introduce and recall some notation related to sets and functions. If ¢,y C
RY are open subsets, we write Q1 CC Qy if ©; is compact and contained in Qy. We
denote by 1y : RN — R the characteristic function of a subset U C RY. For a function
u: RY — R, we use vt := max{u,0} and u~ := —min{u,0} to denote the positive
and negative part of u, respectively.
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Next we recall notation related to function spaces associated with the fractional
power s € (0,1). We consider the space

|u(z)]
L= {u e LL (RY): Jull g1 < oo}, where ||ul[z1 = /[RN T3 e dr. (2.1)

If w € L1, then (—A)%w is well defined as a distribution on R by setting
(Arulle) = [ w(-A)pds  for o€ CX(RY)
RN

Here and in the following, for an open subset Q C RY, we denote by C2°(€2) the space
C2°(Q) of smooth functions with compact support in £2. We recall a maximum principle
for the fractional Laplacian in distributional sense due to Silvestre.

Proposition 2.1. [2], Proposition 2.17] Let Q C RN be an open bounded set, and
let w € L be lower-semicontinuous function in Q such that w > 0 in RN \ Q and
(—A)*w >0 in Q in distributional sense, i.e.,

/ w(—A)’pdx >0 for all nonnegative functions ¢ € C°(£2).
RN

Then w > 0 in RV,

For an open subset Q C R, we now consider the fractional Sobolev space

u(z) — u(y)[?
HS(Q):{uGL2(Q) : /Q Q% d:ndy<oo}. (2.2)

Setting

[u]s,0 = (1/Q A M d:mly)é for u € H*(2),

2 |z — y|[N+2s
we note that H*(Q2) is a Hilbert space whose norm can be written as

1

lullzsoy = (lulaoy + [l2) (2.3)

We will also use the local fractional Sobolev space Hj .(€2) defined as the space of
functions ¢ € L2 () with ¢ € H*(Y) for every ' CC Q. Moreover, for a bounded
open subset @ C RY, we consider the subspace H§(2) C H*(RY) defined by

H(Q) :={uec H\RY):u=0 on RV \ Q. (2.4)
Then H§(2) is a Hilbert space with scalar product

)= 800 = ey = S [ [ L0

and corresponding norm
w250 = /Es(u,u) = \/c(N,s) [u uls g -
Moreover, H5(Q) is embedded in L*(Q), i.e., H§(Q) C L?(2) and
inf{& (u,u) : u € H{Q), [[ullp2@) =1} > 0,

see e.g. [§]. From this we deduce, in particular, that Hg(2) C L.
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We also recall the following property, see e.g. [13, Theorem 1.4.2.2]:

For any bounded domain € with continuous boundary,

the subspace C°(2) is dense in Hy(S2). (25)

For the remainder of this section, we fix a bounded open subset € RY. The following
lemma is known, but we include a short proof for the convenience of the reader.
Lemma 2.2. Let ¢ € H} (Q) be compactly supported in 2. Then ¢ € H§(£2).

Here and in the following, we identify ¢ with its trivial extension to RV,

Proof. Let Q' CC 2 be an open subset of  which contains the support K of ¢. Then
we have

p(y)? / /
dxdy = o T dydzx, 2.6
2 Lo L TR Jemr g 20

where [p]? o < oo since p € Hj, (Q). Moreover,

loc

dy
dyda::/gpxz/ ———dx
fo Lo s K PO fa Ty
dy

< |lell? % -

< lelizege SUIE/RN\Q’ o — gV =%

since dist(K,RY \ ') > 0. Since ¢ =0 in RV \ Q, we conclude that ¢ € HE(€2). O
We also need the following lemma.

Lemma 2.3. Let v € L1 N H} (Q), and let p € Hi (Q) be a function with compact
support. Then the integral

N s v(y)) (p(@) — ¢(y))
Es(v,p) /]RN /]RN ]a: — [V dxdy

is well defined in Lebesgue sense. More precisely, for any choice of open subsets

QA cc'cc

with supp ¢ C ', there exist constants c1,ca — depending only on Q', Q" N and s but
not on v and @ —such that

1 () —v(y)||p(x) — p(y)|
2 /RN /RN |z — Z/|N+2s ey 27

< [vls,arlelsar + allvllLz@yllell 2@y + cllell L@y llvll co-

Proof. We put k(z) = |2|7V=25. Since supp ¢ C ', we see that
1
5 [ o) = v)llete) - elolkiz - y) dedy =
RN JRN

1 [v(z) —o(y)|[e(x) - (1)|]#(2)]
2 /” /” ‘LE - y‘N+28 d:Edy * // /]RN\QN ‘LE — ‘N+25 dydx

< Wlsarlelsor + | o)) [v(z) —v(y)|k(z — y) dydz,
Q/ RN\Q//
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where

()| / o) — v(y) k(z — y) dydz
o RN\Q

< [, @@ e+ [ o1 [ ek s

< allellre@yllvllz @y + e2llell o llvll 21

with
kor@)= [ ka-ydy ae®
RN\Q”
and
c1 = sup Ko (x), cpi= sup  k(z—y)(1+[y)V.
e e yeRN\Q
Note that the values ¢; and ¢ are finite since Q' CC Q”. It thus follows that Es(u,v)
is well-defined in Lebesgue sense and that (Z7]) holds. (]

Corollary 2.4. Letv € L1NHp (). If Q' CC Q and (¢n)n is a sequence in Hj ()
with supp ¢, supp ¢, C ' for alln € N and ¢, — ¢ in H} (Q), then we have

Es(v, pn) = Es(v, ) as n — o0o.
Proof. By Lemma [2.3]

Es(v,on — ) <

(N, 8)[v]s,rlon — @ls,r + Cullvll 2@ llon = @ll2 @) + Callen = ellianllvller
where C; and C, are positive constants. Thanks to the embeddings Hj (2) —
L2 (Q) < L, .(Q), we conclude that E(v, ¢, — ) — 0 as n — oco. O

loc
3. PROPERTIES OF RADIAL SOLUTIONS AND THEIR PARTIAL DERIVATIVES

In the following, we restrict our attention to the case (2 = B and to bounded weak
solutions of equation (I]). Here and in the following, we fix a nonlinearity f: R — R
of class C, and we call a function u € H5(B) N L°°(B) a weak solution of (L) if

Es(u, @) = /Bf(u)go dx for all ¢ € H(B).

We note the following regularity properties for weak solutions of (LI]). For this we
consider the distance function to the boundary

§:B—R, d(x) = dist(x,0B) =1 — |z|.

Proposition 3.1. (¢f. [11,[17,[19,21])
Let uw € H(B) N L>®(B) be a weak solution of (I1). Then u € C’fo’cs(B) N C§(B).
Moreover,
P = % € C*(B) for some o € (0,1), (3.1)
and the following properties hold with some constant ¢ > 0:
(i) [Vu(z)| < 6= (x) for all z € B.
(i3) |V (z)| < 0% (x) for all z € B.
(i1i) For every xp € 0B, we have li_>m S75(2)0r u(z) = —sy(z0), where Opu(z) =
T—T0

Vu(z) - ﬁ denotes the radial derivative of u at x.
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(iv) If s € (3,1), then ¢ € C1(B).

Proof. Since u € L*°(B) and f is of class C!, we have f(u(-)) € L*°(B). Hence the
regularity theory for the fractional Dirichlet-Possion problem developed in [19] shows
that u € C§(B), and that (i) holds. It is also shown in [19] that ¢ := & € C%(B) for
some « € (0,1). Moreover, (ii) and (iii) are proved in [11].

Finally, noting that f(u(-)) € C*(B) since u € C§(B), it follows from interior regularity
(see e.g. [21]) that u € C’lzoj(B) Moreover, if s € (3,1) we have 1) € C?*(B) C C'(B)
by [14, Theorem 2.2]. O

The regularity estimates above allow to apply the following simple integration by
parts formula to weak solutions of (L.

Lemma 3.2. Let u € C%B) N CL_(B) be a function satisfying u = 0 on OB and
|Vu| € LY(B). Then

/((%-u)cp dr = — / ud;p dx foroe CYB), j=1,...,N. (3.2)
B B

Proof. Let ¢ € C*(B), and let Q, := B, _1(0) C B for n € N. Then u € C'(Q,,) for

n € N since v € CIIOC(B). Integrating by parts over €2, and using a change of variables,
we find that

1 1 1
/ ((Oju)p+udjp) dz = / upvj do = (1——)N~1 / u((1——=)o)e((1— ;)O’)I/j do,
oB

n n

where v} is the j-th component of the unit outward normal to 98 at z. Since u € C°(B),

u = 0on dB, Q, T Band ¢ € C'(B), we can apply the Lebesgue dominated convergence
theorem to both sides of the equation above to deduce (B.2]). ]

In the following, we fix a radial solution u € H{(B)NL>*(B) of (II]), and we consider
the function 1 defined in ([B1]) which is also radial. Hence we write

Y(z) = o(r) for r = |z| with a function ¢ : [0,1] — R (3.3)

which is of class C'* for some a > 0 by Proposition B.Il Moreover, by Proposition [3.1]
we have (lz) )
u(|x
)= lim ———— = —— i 1-— =59 . 3.4
Yo(1) dm A ) . lelgll( |2[) 0 u(z) (3.4)

By the Pohozaev type identiy given in [20, Theorem 1.1], this value also satisfies

1
980 = TR P /B[(zs — N)uf(u) + 2NF(u)| dz. (3.5)

Here F': R — R is given by F(t) = fg f(r) dr.

The aim of this section is to construct test functions, related to partial derivatives
of u, which allow to estimate Dirichlet eigenvalues of the linearized operator

L= (=A) — f'(u). (3.6)
For j € {1,..., N}, we consider the partial derivatives of u given by
ou
, , oiu(x) = —(x), T € B,
v RY 5 R, v (x) = ) axj() J=1....,N

0, z € RV \ B,
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From Proposition B] it then follows that
v e LnH (B)  forje{l,...,N}. (3.7)

Hence &;(v7, ) is well defined for every ¢ € H(B) with compact support by Lemma[2.3]
We have the following key lemma.

Lemma 3.3. For any j € {1,...,N}, we have Lv/ = (=A)%/ — f'(u)v! = 0 in
distributional sense in B, i.e.

/ v (=AY dr = E(v), @) = / fun’ o dx for all ¢ € C°(B). (3.8)
B B
Moreover, if ¢ € H§(B) has compact support in B, then we have
&) = [ flup do (39)
B

Furthermore, if v/ € H§(B), then ([3.9) is true for all ¢ € H(B).
Proof. Since u € C>*(B) by Proposition BI], we have v/ € C*(B) c H}

loc loc loc

¢ € C(B) C C°(RY). Then
;0 €CX(B), (-A¥pecC®RY), and  9;(~A)p=(-A)0jp onR"Y.
Consequently, since u satisfies the assumptions of Lemma B.2] (3.2)) implies that

/ij(—A)sgp d:c:—/Bua( N gpd:z:——/u(—A) Oy du
Es(u,05p) = /f Jgpdm—/(‘)f cpdm—/f W d.

Hence v/ solves Lv/ = (—A)%v/ — f/(u)v/ = 0 in distributional sense. Next we show
that

(B). Let

Es(v),p) = / f'(w)l o du for all ¢ € C°(B). (3.10)
B
Since v/ € L1 N H} (B), the integral

|07 (x) —v’ )| [e(z) = e(y)|
/[RN /[RN y|N+2s dxdy

exists by Lemma 23] and therefore we have, by Lebesgue’s Theorem,

., p) = C(J\;S) ?35/]1@/ . () — VW) (@) — W)

|z — y[N+2s
(@) — oY)
N,s)l ———5- dyd
—AN I fo /RN\BEW =y W
- p(x) — oY)
=c(N J li ———=5e dyd
o) [ v i [ S duds

= /]RN v (=AY dx = /Bv](—A)Scp dx = /Bf'(u)vjcp dx.

Next, let ¢ € H§(B) with compact support in B, and choose an open subset Q' CC B
with continuous boundary and such that supp ¢ C Q. By (2.9)), there exists a sequence
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(pn)n in CX(Q) C C(B) with ¢, — ¢ in H(Q'), hence also ¢, = ¢ in H{(B).
Then Corollary 2.4l and (B.10) imply that

Es(v),p) = lim (v, op) = lim / f' ()’ o do = / o de,  (3.11)
oo B B

n—oo

and thus ([8.9]) holds.

Finally, assume that v/ € H{(B), let ¢ € H5(B), and let (¢,), be a sequence in
C(B) with ¢, — ¢ in H§(B). Then (BII) holds again by the continuity of the
quadratic form & on H{(B), as claimed. O

We now have all the tools to build suitable test functions from partial derivatives in
order to estimate the Morse index of u as a solution of (II]). As remarked before, the
construction is inspired by [1].

Definition 3.4. Let vy be the function defined in [B.3]). For j =1,..., N, we define
the open half spaces

Hy :={z eRY : +z; >0} (3.12)
and the functions d; : RY — R by
) Ly — @) 1y (1) 20

dj =

(W) 1y — (vj)_lHi if 1 (1) < 0.

We note that, for j = 1,..., N, the function d; is odd with respect to the reflection
g RV 5 RY, r=(x1, - ,xj, - ,&N) = oj(x) = (21,...,—xj,...,ZN)
at the hyperplane {z; = 0} since the function v/ is odd.
Lemma 3.5. d; € H} (B) forj=1,...,N.
Proof. By definition of d;, it suffices to show that
(W) 1y € HylB) (3.13)

We only consider the function (v7)* 1 7 » the proof for the other functions is essentially
+ .

the same. As noted in (7)), we have v/ € H} (B), and therefore also (v/)* € H} (B)

by a standard estimate. To abbreviate, we now put x = 1,5, v := (v7)T, and we let
+

Y CC B be an open subset of B. Making ' larger if necessary, we may assume that
¥ is symmetric with respect to the reflection o;. To show that vx € Hj (Q'), we write

2 2 2 —N-2s
v r =7, T v(T T dydzx
[ X]&Q [ ]s,Q NHY, /’m J+| ()] /’m i| yl Y

<Plo+ [ pP | & — y| N2 dyda
QNHY, {yeRN |y—z|>|x;|}

:4ﬁ@+/ _me/ |22 e
’ QNHY, {2€RN,|2|>|z;(}

[sY

2 —2s
; d
55 -~ [v(z)|*|z;] T

= [U]g,ﬂ’ +
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Since v = (v/)T € C; _(B) by Proposition Bl and v = 0 on {z; = 0}, we have
lv(x)| < Cla;|* for x € ' NHY. Therefore, the latter integral is finite, and (v/)* 1,,; =
+

vx € Hj (B). O
The next lemma is of key importance for the proof of Theorem [L11

Lemma 3.6. Letj=1,...,N.

(i) If ¢o(1) # 0, we have d; € H{(B), and d; has compact support in B.
(ii) If s € (3,1) and tho(1) = 0, then we have vi € H(B) and d; € H(B)

Proof. (i) By Lemma and Lemma [B.5 it suffices to show that d; has compact
support in B. We now distinguish the cases 1y(1) > 0 and (1) < 0.

If 1o(1) > 0, we have d,u(x) < 0 in B\ B,,(0) for some r, € (0,1) by (3.4, and

therefore

v (z) = Qju(x) = ’a;—]‘@ru(x) <0 for z € B\ B,,(0) with z; > 0.
Consequently, d;(z) = (v/)"(z) = 0 for z € B\ B, (0) with z; > 0. Since d; is odd
with respect to the reflection o; it follows that suppd; C B, (0), so d; is compactly
supported in B.

If 1o(1) < 0, we have d,u(x) > 0 in B\ By, (0) for some r, € (0,1) by [B.4), which
in this case, similarly as above, implies that d;(z) = —(v/)~(z) = 0 for « € B\ B, (0)
with ; > 0. Again we conclude that d; is compactly supported in B since it is odd
with respect to the reflection o;.

(i) Since s € (3,1), it follows from Proposition BI(iv) that ¢ € C1(B) and therefore
Yo € C([0,1]), whereas (1) = 0 by assumption. Consequently, 1 (z)d*~1(x) — 0 as
|z| — 1, and therefore

Vu(z) = 6°(x)Vip(x) + sib(z)5* H(z)V(z) — 0 as |z| — 1.
It thus follows that u € CHRN ) with u =0 on RN\ B, and therefore v/ € CO(RY) with
v/ = 0 in RV \ B. To see that v/ € H(B), we shall use Proposition 2] as follows: Since

the function f’(u)v’ is continuous and therefore bounded in B, there exists a unique
weak solution w € H{(B) to the Poisson problem

(—=A)*w = f'(u)v? in B, w=0 inRY\B (3.14)

which satisfies w € C§(B) by [19, Proposition 1.1]. By setting V := w — v/, it follows
that V€ CO(RYN) with V = 0 in RY \ B. Moreover, by Lemma B3 the function
V satisfies the equation (—A)*V = 0 in B in the sense of distributions. Since V' is
continuous, Proposition 211 - applied to £V — implies that V =0 in RV, i.e.,

v =w e HE(B) N C§(B). (3.15)
By a similar argument as in the proof of Lemma B35 we will now see that d; € H§(B).
For the convenience of the reader, we give the details. It is clearly sufficient to show
that

() 1y € HAB), (3.16)

We only consider the function (v7)* 1,,;, the proof for the other functions is the same.

H.>
Since v/ € H(B), we also have (v/)* € H5(B) by a standard estimate. To abbreviate,
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we now put x = 1,,; and v := (v7)*. To show that vy € H§(B), we note that vy =0
+

in RV \ B, and we estimate

fox2 g = 02, + / @) / o — gV dyde
4 HimB H?

2(,. . |—2s
ot gt [ W
Since v = (v))* € C*(B) by (BI5) and v =0 on {z; = 0}, we have |v(z)| < Clx;|* for
x € Hi N B. Therefore, the latter integral is finite, and (v/)" 1,, =vx € H§(B). O
+

Corollary 3.7. If (1) # 0 or s € (3,1), then the values E(d;, dy) and Es(v7, dy) are
well-defined and satisfy

Es(V7,dy) = / f'(wv'dy de forjk=1,...,N.
B
Proof. This follows from Lemma 23] Lemma [3.3] and Lemma O

4. PROOF OF THEOREM [[.1]

In this section we complete the proof of Theorem [[LIl As before, we consider a
fixed radial weak solution u € H§(B) N L>°(B) of (1)), and we will continue using the
notation related to u as introduced in Section Bl Moreover, in accordance with the
assumptions of Theorem [[LT] we assume that u changes sign, which implies that

(vj)ilHi;éO and (o))" 1, #£0  forj=1,...,N, (4.1)

where the half spaces Hi are defined in ([B.I12]). We first note that, under the assump-
tions of Theorem [Tl we have
1

Yo(l) #0 or s € (5, 1). (4.2)

Indeed, if s € (0, 3], then 13(1) > 0 by (L6) and (B.5).
Next we recall that the n-th Dirichlet eigenvalue A, ; of the linearized operator L
defined in (B.6]) admits the variational characterization

AL = Jain max Es.1.(v,v) (4.3)
where
(v,w) = &, 1.(v,w) = E(v,w) — / [ (w)vw dx (4.4)
B

is the bilinear form associated to L, V, denotes the family of n-dimensional subspaces
of H3(B) and Sy :={v €V : ||Jv[|p2z) = 1} for V € V.

To estimate ), ; from above, we wish to build test function spaces V' by using the
functions d; introduced in Definition 34l By LemmaB.6land ([.2)), we have d; € H{(€2)
for j =1,..., N. Moreover, as a consequence of Corollary B.7] the values & (v/, d,) are
well-defined and satisfy

Esp(v,dy)=0  forjk=1,...,N. (4.5)
We need the following key inequality.
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Lemma 4.1. For j € {1,...,N} we have & 1,(d;,d;) <0

Proof. To simplify notation, we put k(z) = c(N, s)[z|7N=2 for » € RV \ {0}. Since
vdj = d? in RN by definition of d; and therefore

[ #aid; o= [ p s
B B
we have, by (&5,

Eor(dj d;) = Es p(d; — 07, d;)

/RN /RN < =7 (2) = (dj(y) — ' (9))) (d; (@) — dj(y))> k(z — y)dzdy

::iéNAN<waﬂw+w%w%mr—wﬂ@%@0k@—yhh®
_ /R ) /R (09 (@) — dy (@))d; (y)(w — y) dady.

Here we used the symmetry of the kernel (x,y) — k(x — y) in the last step. In the
following, we put

é]($7y) = k’($—y)—k‘(0'](3§‘)—y) for $7y€RN7 $7éy

Using the oddness of the functions v/ and d; with respect to the reflection o, we deduce
that

faltd) =5 [ [ 060 - b0 ) drdy
=§A&Aéww—@@mww%@m—@mwwmdMy
— [ ] 09@) = di@)dst)ts e w)ddy, (1.6
HI JHI

Here we used in the last step that
k(oj(z) —oj(y)) =k(z —y)  and  k(oj(x) —y) = k(z — 0;(y))
for z,y € RY, x # y and therefore
Ui(z,y) — bi(x = 0j(y)) = k(z —y) — k(oj(2) —y) — (k(z — 0;(y)) — k(oj(z) — 05(y)))
=2j(z,y).
Next, we note that
Ui(z,y) = k(z —y) — k(oj(z) —y) >0 for z,y € Hi (4.7)
Moreover, we claim that the function (z,y) — h;(z,y) = (v’ (z) — d;(z))d;(y) satisfies
hj <0 and hj #0  on HL x HI. (4.8)
Indeed, if ¥y(1) > 0, we have d; = (v/)T and therefore v/ —d; = —(v/)~ on Hi Hence
(@) follows from (ELI]). Moreover, if 1o(1) < 0, we have d; = —(v7)~ and therefore

vI —d;j = (v/)* on H}. Again ([@3) follows from (£I). The claim now follows by
combining (£.6)), (£7) and (£.8). O
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N
Lemma 4.2. Let a = (aq,...,ay) € RN and d = Zozjdj. Then we have
j=1

Er(d,d) = Zaé’Ld],d

Moreover,
E1(d,d) <0 if and only if a # 0, (4.9)
and therefore the functions dy,...,dy are linearly independent.
Proof. We first note that
Eor(dj,d) =0 for j,ke {l,...,N}, j #k. (4.10)

Indeed, since u is radially symmetric, the function d; is odd with respect to the reflection
oj and even with respect to the reflection o, for k£ # j. Hence, by a change of variable,

. ) = di(o5()) ) (dilos(@)) = dulo;(v)))
Es L(d]7dk /]RN /]RN ’Uj(x) _ Uj(y)]N"'ZS dzdy
- / (o @))ds (052, @)) do
(N, s d;(2)) (di (@) — de(y)) ,
/RN /RN |$ IV dxdy +/Bf (u(z))dj(z)dg(x) d
= 5SL(dj,dk

N
Hence (&I0) is true. Now, for a = (a1,...,an) € RV and d = Y «a;d;, we have
j=1

Es.1(d,d) Za Es.n(d;, dj) Z ajarEs r(dj, dy) = Za Es.n(dj, dj)
7,k=1
i#k
by A.I0land Lemma[L1l Moreover, if a # 0, it follows from Lemma[@. T that & 1, (d, d) <
0, which in particular implies that d # 0. Consequently, the functions dy,...,dy are
linearly independent, as claimed. O

s

Lemma 4.3. The first eigenvalue A1 1, of the operator L = (—A)* — f'(u) is simple,
and the corresponding eigenspace is spanned by radially symmetric eigenfunction o1 .
Furthermore,

Er(dj,p1,L) =0 forj=1,2,--- N and M, =Esn(e1,L,01,0) <O0.

Proof. The simplicity of A\; ; and the radial symmetry of ¢y ; are well known, but we
recall the proof for the convenience of the reader. The variational characterization of
A1, is given by

Es.1(v,v)

= in = inf& r(v,v) with M= {veHB): |v|2mpm =1},
veH(B)\{0} H”HLZ(B M 2(v;0) { 0(B) : [[v][z2() = 1}

17
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and the associated minimizers ¢ € M are precisely the L?-normalized eigenfunctions
of L corresponding ot A; z, i.e., the L?-normalized (weak) solutions of

Ly =M\,p inbB, =0 inRV\B. (4.11)
Moreover, if ¢ € M is such a minimizer, then also |p| € M and
A= Es1(e,9) 2 EsL(lel o) 2 nf & (v, 0) = A,

which implies that |¢| is also a minimizer and therefore a weak solution of (@II]). By
the strong maximum principle for nonlocal operators (see e.g. [5, p.312-313] or [15]),
|p| is strictly positive in B. Consequently, every eigenfunction ¢ of L is either strictly
positive or strictly negative in B. Consequently, A1 7, does not admit two L?-orthogonal
eigenfunctions, and therefore A\ 7, is simple.

Next we note that, by a simple change of variable, if ¢ is an eigenfunction of L
corresponding to Aj 1, then also poR is an eigenfunction for every rotation R € O(N).
Consequently, the simplicity of A 7 implies that the associated eigenspace is spanned
by a radially symmetric eigenfunction ¢ .

Next, using the radially symmetry of u and ¢1,7, and the oddness of d; with respect
to the reflection o, we find, by a change of variable, that

Esr(dj,o11) = C(LZ’S) /RN /RN (dj(oj(z)) — dj(aj(?ﬁ))_(ﬁ}égg(x)) - wl,L(aj(x)))d$dy

- /B £ (ulo(2))d; (03 (2))or, (05 (2)) de

(M. 5) (4,(9) — (@) p10(2) — p10(0) ,
2 /RN /]RN - ’ |z — y| N2 dmdy+/Bf (u(z))d;(z)pr1,(z)dx

=—&1(dj,011)

and therefore & 1(dj, 1) = 0 for j = 1,...,N. Finally, by Lemma A1l and the
variational characterization of \j 1, we have i 1, = & r(¢1.0,¢1,1.) <0, as claimed. O

Proof of Theorem [I1l(completed). Let @11 € H{(B) be an eigenfunction of L corre-
sponding to the first eigenvalue A\; 1, as given in Lemma £33l We consider the subspace

N

V = span{y1,1.,di,...,dn}. For a € RN\ {0} and d = agpr,n + Y ajdj €V, we
j=1

then have, by Lemma and Lemma [4.3]

N N
gslz(dv d) = Oé(2) gs,L((-Pl,L, 9017L) + 887L(Z ajdjv Z ajdj) < 0.
j=1 j=1
In particular, it follows that the functions o1 1,,d1,...,dy are linearly independent and

therefore V' is N + 1-dimensional. By (@3] and the compactness of Sy = {v € V' :
[vllr2(s) = 1}, it then follows that Any1 1 < 0, which means that u has Morse index
greater than or equal to N + 1 > 2, as claimed. O

5. THE LINEAR CASE

In this section we discuss the linear eigenvalue problem (7)) and complete the proof
of Theorem In particular, we wish to recall a useful characterization of eigenvalues
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and eigenfunctions of (7)) derived in [9]. For this we need to consider the following
radially symmetric version of (7)) in general dimensions d € N:

(=AY¥u=MIu in BcR? (5.1)
u € Hy(B), u radially symmetric. '
In the following, we let A\go < Ag1 < ... denote the increasing sequence of eigenvalues

of this problem (counted with multiplicity).
The following characterization is essentially a reformulation of [9, Proposition 1.1].

Proposition 5.1. The eigenvalues of ({I.74) in B C RN are of the form A = Ani2n
with integers £,m > 0. Moreover, if

Zy :=A{(,n) : Angorn = A},

then the eigenspace corresponding to X\ is spanned by functions of the form u(x) =
Vi(@)ent20n(|z|), where (€,n) € Zy, V; is a solid harmonic polynomial of degree £
and x — @nioen(|z|) is a (radial) eigenfunction of the problem (51l) in dimension
d = N + 2{ corresponding to the eigenvalue Anyo/.y,.

Here and in the following, a solid harmonic polynomial V of degree ¢ is a function
of the form V(z) = ]a:\ZY(ﬁ), where Y is a spherical harmonic of degree ¢. Hence

V : RN — R is a homogenous polynomial of degree ¢ satisfying AV = 0.
Regarding the eigenvalues Ay, of (5.1]), it is also proved in [9], Section 3] that

the sequence (Ag0)q is strictly increasing in d > 1. (5.2)

Moreover,
Adn > Ado for every d,n > 1 (5.3)

by the simplicity of the first eigenvalue of (5.II). Consequently, the first eigenvalue \;
of (L7) equals Ay o, whereas the second eigenvalue Ay of (7)) is given as the minimum
of )\N+2,0 and )\N,l'

Theorem is now a direct consequence of the following result, which we will derive
from Theorem [T and from the observations above.

Theorem 5.2. We have Ay420 < An,1. Consequently, the second eigenvalue Ay of
(I7) is given by Any2,0, and every corresponding eigenfunction w is antisymmetric,
i.e., it satisfies u(—x) = —u(x) for every x € B.

Proof. Suppose by contradiction that Ao = Ax,1 < Any42,0. Then, noting that the only
solid harmonic polynomials of degree zero are the constants, it follows from Proposi-
tion [l that (L7) admits a radially symmetric eigenfunction corresponding to Ao. But
then w is a radially symmetric sign changing solution of (L)) with ¢ — f(¢) = Aat, so it
must have Morse index greater than or equal to NV + 1. This contradicts the fact that
Ao is the second eigenvalue.

We thus conclude that A2 = Ani20 < An,1. Combining this inequality with (5.2)) and
(53]), we then deduce that Zy, = {(1,0)}, and therefore the eigenspace corresponding
to Ay is spanned by functions of the form x — Vi(z)pn420(|z|), where Vi is a solid
harmonic polynomial of degree one, hence a linear function, and = — @ny20(|z|) is
an eigenfunction of the problem (5.1I) in dimension d = N + 2 corresponding to the
eigenvalue A\y420. Since every such function is antisymmetric, the claim follows. [
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