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REGIONAL FRACTIONAL LAPLACIANS: BOUNDARY REGULARITY

MOUHAMED MOUSTAPHA FALL

ABSTRACT. We study boundary regularity for solutions to a class of equations involving the
so called regional fractional Lapacians (—A)$, with Q@ C RY. Recall that the regional frac-

tional Laplacians are generated by symmetric stable processes which are not allowed to jump
outside Q. We consider weak solutions to the equation (—A){w(x) = p.v. [, m;ﬁg) dy =

f(z), for s € (0,1) and Q C RY, subject to zero Neumann or Dirichlet boundary conditions.
The boundary conditions are defined by considering w as well as the test functions in the
fractional Sobolev spaces H®(Q2) or H{(£2) respectively. While the interior regularity is well
understood for these problems, little is known in the boundary regularity, mainly for the
Neumann problem. Under optimal regularity assumptions on € and provided f € L?(2), we
show that w € C?*~N/?(Q) in the case of zero Neumann boundary conditions. As a conse-

quence for 2s — N/p > 1, w € 01'237%71(5). As what concerned the Dirichlet problem, we
obtain w/§%*~' € C*~N/?(Q), provided p > N and s € (1/2,1), where §(z) = dist(x, dRQ).
To prove these results, we first classify all solutions, with some growth control, when €2 is
a half-space and the right hand side is zero. We then carry over a fine blow up and some
compactness arguments to get the results.

1. INTRODUCTION

We consider € an open subset of RY with Lipschitz boundary. The present paper is con-
cerned with boundary regularity of solutions to some equations involving nonlocal operators
generated by symmetric stable processes describing motions of random particles in a region
Q which are only allowed to jump inside € but are either reflected in 2 or killed when they
reach the boundary 9€). In the Brownian case these phenomenon can be described by the
Laplace operator subject to Neumann or Dirichlet boundary conditions. A natural general-
ization in the fractional setting was considered by Bogdan, Burdzy and Chen in [4], where
they constructed censored processes in ). The generated infinitesimal operators, denoted
by (—A)g,, are obtained by limiting the integral in the fractional Laplacian in the region .
Recall that the fractional Laplacian of a function w € C?(RY) is given by

(—A)w(z) = cnsp-v. /RN % da, (1.1)

sp(N
where s € (0,1) and ey s = %{_‘3. The regional fractional Laplacian operator we are
interested in is defined as
w(z) —w(y)
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We mention that the meaning of boundary conditions has to be made more precise since
in some case, depending on the fractional power s, it can be meaningless. However by
considering some natural Sobolev spaces these problems can be defined in a natural manner.
Indeed, let f € L (RY) and s € (0,1). We consider functions v € H*(f) satisfying

loc

CN,s (u(z) —u())(p(z) — () , o _ ola) de - L=
2 /QXQ |z — y|N+2s dxdy /Qf( )o(z)d for all p € C.(§2) (1.3)

and v € H§(Q) satisfying

CN.s (v() —v(y)(e(z) —v(y)) B ola) de - )
2 /QXQ |z — y[Nt2s drdy = /Qf( Jo(z)d for all p € C.(02). (1.4)

Here and in the following H*(2) denotes the usual fractional Sobolev space and H() is
the closure of C}(Q) with respect to the H*(Q)-norm. The above two problems have an
interesting intersection. Indeed, since 2 is Lipschitz, if s € (0,1/2] then H*(Q2) = H§(Q),
see e.g. [19, Theorem 1.4.2.4]. However these two spaces are different for s > 1/2. As a
consequence (L3) and (4] are equivalent for s € (0,1/2].

We notice that for s € (0,1), f € L*(2), with [, f(z)dz = 0, and Q bounded then (L.3)
has a unique solution among the set of functions u € H*(Q) satisfying [, u(z)dz = 0. On
other hand, provided s € (1/2,1) and Q is bounded, the Dirichlet problem (4] has unique
solution in H(Q) for all f € L%().

The Dirichlet forms associated to the two variational problems (L.3)) and (L.4)) generate some
fractional order operators, which we denote by (—A)g and (—A)g), and are given by (L.2)
when acting on smooth functions. Problems involving these fractional order operators have
been intensively studied in the recent years both in the analytic and probabilistic point of
view, [1,14,21H23]. We quote in particular the paper [21I] which contains useful results and
integration by parts formula related to (—A)sﬁ.

In the recent literature the terminology used for these operators are, respectively, Reflected
or Regional fractional Laplacian and Censored fractional Laplacian [45,21]. Recall that
their counterparts in the local case (s = 1) are, respectively, the Poisson problems with
Neumann and Dirichlet boundary conditions. In fact, thanks to the normalization constant
CN,s, as s — 1 equations (L5]) and (L6]) tend precisely to the classical Poisson problem with
Neumann and Dirichlet boundary conditions, respectively, see also Section [§] below.

Here and in the following, whenever necessary, we will simply write

(A)gu=f in Q, (1.5)

for the variational equation (L3]) and

{(—A)fzv =f in €,

1.
v=20 on 0, (1.6)

for (I4). According to the above discussions, we shall consider (L)) only for s € (1/2,1),
and we note that it makes sense to invoke the trace of v € H§(€2) on 0f2 thanks to the trace
theorem, see e.g. [13].

The aim of this paper is to study boundary regularity for solutions u and v to (IL3) and (L.6]).
The interior regularity of both problems are well understood and can be naturally deduced
from the one of the fractional Laplacian. Indeed, both ulg and vlg solve a problem of the
form

(—A)Yw+Vw=f in €, (1.7)
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with V' € C°°(€2). On the other hand in the case of the Dirichlet problem, boundary Harnack
inequalities and Green function estimates are well studied for s > 1/2, see [4,5,10,11]. In
fact, provided Q is of class C'! and f € L*(R), it is known that any solution v to (IL6)
satisfies

lv(z)] < Co(z)*~ 1 for z € Q, (1.8)

where §(z) := dist(x,9Q). However, the boundary regularity for problem (L3 is less under-
stood and the only paper, beside the present one, dealing with this appeared few days ago.
Indeed, Audrito, Felipe-Navarro and Ros-Oton showed recently in [2] that if Q is of class C*
and f € LP(Q), p > 2—1\;, then u € C%(Q), for some a > 0. Moreover for s € (1/2,1) and
25 — N/p > 2s — 1 they obtain u € C?*~1+%(QQ), for some a > 0. We would like to mention
that the authors in [2] considered an other interesting fractional order equation with exterior
Neumann condition.

We prove in this paper that, under optimal regularity assumptions on 2 and f, the solu-
tions to (LA and (LG) are Holder continuous up to the boundary. Our result for solutions
to (LX), improves those obtained in [2], since under the same assumptions, we obtain that
u € C™n2s=N/p1-¢)(Q), for all s,e € (0,1). Moreover for 2s > 1, we also obtain Hélder
estimates, up to the boundary, of the gradient of both solutions to (5] and (L.G)), provided
2s — N/p > 1. We then derive further qualitative properties of u and v for s > 1/2. Indeed,
we show that the normal derivative of u vanishes on 92 and a weighted normal derivative of
v is proportional to v/3%*~! on 9. This latter fact turns out to be useful in order to obtain
monotonicity (in the normal direction) of the solutions near the boundary in the spirit of the
Hopf boundary point lemma for classical elliptic equations. In the same vain, we improve
(CR) to a Holder regularity of v/§2*~1 up to the boundary. We mention that in the case
of the fractional Laplacian with zero exterior Dirichlet data such type of regularity, of the
ratio between the solution and the power of the distance function, has been first obtained by
Ros-Oton and Serra [27] followed by [16}20124]25].

We notice that prior to the recent paper [2] and the present paper, even the continuity of
solutions to (LE) up to the boundary was an open question.

Our first main result for regional (or reflected) fractional Laplacian is the following.

Theorem 1.1. Let s € (0,1), s € [sg,1) _and Q be an open subset of RN of class C' and
f e LP(Q), for some p > %. Le_t u € HP ()N L%Q) be a solution to (LE). Then for every
e € (0,1) and for every ' CC Q there exists C > 0 depending only on N, sg,Q,e,Q" and p
such that

”UHCmin(?st/p,lfs)(Q/) S C (”UHLZ(Q) + ”f”LP(Q)) .
In the case of higher order regularity, we obtain the

Theorem 1.2. Let s € (1/2,1) and 2 be an open subset of RN of class CYP, with § > 0.

Let f € LP(Q) and u € Hj () N L*(Q) be a solution to (LH). If 2s — N/p > 1, then
1,min(2s— X —-1,8) — _

u e C By 6)(9) and for every Q' CC Q there exists C > 0 depending only on

loc

N,s,9Q,8,Q and p such that

||VuHCmin(2sf%71,6)(9,) S C (||uHL2(Q) + HfHLp(Q)) .
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Moreover the normal derivative of u vanishes on 0S2. More precisely, for all o € 0N,
t —
Jigg 0+ tv(0)) — u(0)
t\0 t
where v is the unit interior normal vectorfield of 0S2.

~0, (1.9)

We observe that, Theorem [I.J] and Theorem provide similar regularity properties as
the interior regularity of weak solutions to equations involving nonlocal operators of class C?,

which states that u € Cllo’flm(zs_N/p_l’B)(Q), see [I5]. This is, in fact, the case in the local set-
ting (s = 1) with zero Neumann boundary condition on a C'# domain. Such high boundary
regularity does not in general hold in the Dirichlet problem. The reason for this in the frac-
tional setting can be seen, intuitively on the one hand, from the fact that the variational prob-
lem (L3) allow for a larger class of test functions. On the other hand, one can look at harmonic
functions, with locally finite energy, in the half-space Q = {(2/,zy) € RN "1 xR : xx > 0}
with respect to the regional fractional Laplacians and the fractional Laplacian. In the Neu-
mann case, they are affine functions (of the form a -z’ + b) as long as their pointwise growth
is strictly smaller than 2s. However in the Dirichlet case they are proportional to x?\,s_l,
while in the case of the fractional Laplacian with zero exterior data, they are proportional to
(@n)i

We expect (L9) to hold in the case s = 1/2, but then it might be necessary to show first the

continuity of gradient of u up to the boundary which should hold provided f € C*(2) and
8 =2s—1+ «, for some a > 0.

We now turn to solutions to the Censored fractional Laplacian. As mentioned earlier, it is
the same as the reflected one in the case s € (0,1/2], provided Q2 has Lipschitz boundary.

Theorem 1.3. Let sq € (1/2,1), s € [s0,1) and Q be an open subset of RN of class C*
and f € LP(Q) for some p > % Let w € H{(Q) be a solution to (LB). Then for every
e €(0,250—1) and Q' CC Q , there exists C > 0 depending only on N, so,Q,e,Q and p such
that
[ull cminces—n7p.25-1-2) () < C (ull 20y + 1l o)) -
In the case of higher order regularity we obtain the

Theorem 1.4. Let s € (1/2,1) and Q be an open subset of RN of class C#, 3 > 0 and
Q' cc Q. Let f e LP(Q) and v € HE(Q) be a solution to (LE). Then
(i) if 2s — N/p > 2s — 1, there exists C > 0 depending only on N,s,Q, 3,9 and p such
that

[ullcos-1 (@) + [10/8% | gmina-nrms oy < C (02 () + I1flze)) - (1.10)

(i) if 2s — N/p > 1 and 8 > 2s — 1, there exists C > 0 depending only on N,s,Q, 3,
and p such that
2—2s
16250l oy gy € (0l + 1) (111)
and

62 Vy = (25 — 1) on 08, (1.12)

v
521"
where v is the interior normal vectorfield of OQ and § coincides with dist(x,d) in

a neighbourhood of 082, Lipscitz continuous and positive in the complement, in , of
this neighbourhood.
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We recall, in Theorem [[4], that for o € 09, we define w2+ (o) = lims—o () and
4 zeQ O
(62725Vv) (o) = hngé' 62725(x)Vou(x). Next, we observe that if Q is of class C! then the

extension of § to the signed distance function to 92 is of class C™! in a neighbourhood of
08 and its gradient coincides with the unit interior normal v on 9. Therefore (LI0), (TIT)
and (LI2)) imply, for 2s — N/p > 1, that

SN .
IV (v/6%71) | < C6% % 72 (Jvll 2 + 1/l o) in Q.

We notice that Theorem [[.4}(7), in the case of the fractional Laplacian with zero exterior
data, was first obtained by Grubb in [20] in the case of C*° domains and in [16] in the case of
C"? domains and even with a larger class of right hand sides containing LP(£2). Now (LII))
and ([I2]) was recently obtained for the fractional Laplacian in [14].

We point out that the above results in the present paper provide new insights to the Pois-
son problem involving these regional nonlocal operators and, as such, we believe that they
might motivate the study of several problems involving these operators in the spirit of the
fractional Laplacian.

Remark 1.5. We note that starting p > % and B < 2sg— 1, the constant C' in Theorem[1.2
and Theorem [I.7}-(i) can be chosen to remain bounded as s — 1, while for Theorem [1.7}(ii),
we need to assume that B = 1. We refer to Remark[7.9 below for more details.

To prove these results, we first make a full classification of all solutions, with some growth

control when 2 is a half-space and f = 0. We then carry out a blow up and some compactness
arguments to obtain Holder continuity up to the boundary. We note that the classification of
the solutions on the half-space was left as a challenging open problem in [2]. To achieve it, we
use several ingredients of independent interest, including some reflection principles, Hardy-
type inequalities and the Caffarelli-Silvestre extension [7]. The blow up argument is partly
inspired by the work of Serra in [28] and [15], where we study optimal regularity estimates
involving a class of nonlocal operators extending the classical operators in divergence form,
see also [16L24] for other uses.
The main difficulties reside on the fact that the operators depend on the domain. We use
local parameterization that flatten the boundary and thus allows to work on a fixed domain
during the blow up process. However, in this case the resulting operator falls in a class
of nonlocal operators in divergence form (see e.g. [I5]). To deal with these nontranslation
invariant kernels, we use a freezing argument of the kernels in the spirit of [I5]. We also
mention that, except in dimension 1 where we have the exact expression of the potential V'
in (L7), we do not use (LT) in our argument because of some scaling issues. Recall that
V(z) ~ §(x)~2* and thus scales as (—A)*.

The paper is organized as follows. Section [ contains the a priori estimates in the half-
space. The Liouville-type results are proven in Section [dl The blow up argument leading to
boundary regularity on curved domains for the regional and the censored fractional Laplacians
are given in Section [§ and Section [6 respectively. We finally collect the proofs of the main
results in Section [7}

2. NOTATIONS

For E a Lipschitz open subset of RYY and a weight function a, we use the standard notations
for weighted Lebesgue spaces LP(E;a(z)) = {u : E — RM : [, |u(z)|Pa(z)ds < oo}. See
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e.g. [19], the fractional Sobolev space H*(FE) is given by the set of measurable functions u
such that

[ullrs gy = NullZegm) + [Wls sy < oo,
where [u]%,s(E) =I5 %dmdy < 0o. We denote by H{(E) the closure of C°(E)

with respect to the norm || - ||gs(py. We say that v € Hj (E) (resp. Hj  (F)) if for all
¢ € CH(E) (resp. ¢ € CL(E)), we have pu € H*(E). We define the Hilbert space

H(E)={uec H'RY): wu=0o0nRY\E}

endowed with the norm [|u|| s z~). An interesting characterization of Hg(£), see [19], is that
N u? () N
’HS(E):{uGHS(R ):/de<oo, u=0onR \E}, (2.1)
e 0% (¥)

where 0g(z) = dist(z, OF).
We denote by B, (), the ball of RY centred at x with radius » and B, = B,(0). Moreover
Bl(z) = ORY N B,(z) for z € ORY and B.. = B.(0). Moreover B, (z) = B,(z) NRY.
For the Holder and Lipschitz seminorm of u, we write
|u(z) — u(y)|
U)co,a(q) = sup —————
[ ]C @) TH£YeN ‘LZ' - y’a

)

for a € (0,1]. If there is no ambiguity, when a € (0,1), we will write [u]ca(q) instead of
[u]co.a). If m € N and a € (0,1), the Hélder space [[ul|gma(q) is given by the set of
functions in C™(£2) such that

[ullgmtaq) = ullema@y = sup  [[07ullpo)+ sup  [[07ulca(q) < oo
YENN, |y|<m YENN, |y|=m

3. A PRIORI HOLDER REGULARITY ESTIMATE ON THE HALF-SPACE

We introduce the reflection function with respect to the ey direction given by
R:RY - RY, R(z) =z —2en -z = (2/,—zN).

Here and in the following, we define

Ce :={p e CPRY) : o(z) = (R(x)), for all z € R }
and
Hppp o RY) i={u € Hi (RY) : u(a/,zn) = u(R(2)), for all 2 € RV},
Moreover for u € H, foc(@), we define
/ f >
a2, zy) = u(:z:/,xN) oray 20, (3.1)
u(x', —xN) for zn < 0.
We define the kernels K, K} : RN x RY — [0, 00] by
K;_(.Z', y) = chisfof (.Z', y)‘.ﬁl’ - y’—N—257 (32)
_ CN.s CN,s
K($7y) =1, 0(3373/)77 + 1, 0(33,@/) : s *
T e — gV R  ( — 2+ (e yw)?)
(3.3)

We observe that K is an even extension of the kernel K with respect to the ey direction.
On the other hand, the kernel K is not strongly elliptic but has some nice properties.
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(i) For every z,y € RV,

K(z,y) = K(y,z) = K(R(z),y). (3.4)
(i) Since (znx +yn)? < (zx — yn)? for zyyn < 0, we have that
K(z,y) > N.s for all z,y € RY, (3.5)

— ﬂ$<_yvv+%

(iii) For a function 7 : RN x RY and measurable sets A, B C RY, we have that

/ n(z,y)K (z,y) dedy
AxB

- / () K (z,y) dady + / n(R(), RW)E (x,y)dudy — (3.6)
AxB R(A)xR(B)

+ / (@, R(Y)) K (x,y) dedy +/ n(R(z),y) K (x,y) dudy.
AxR(B) R(A)xB
As a consequence if A =R(A) and B = R(B) then, for every v € H2,
/ (v(2) = v(y)) K (z,y) dedy = 2/ (v(@) = o(y)* K (z,y) dedy.  (3.7)
AxB AxB
We start with the following crucial result for getting a priori Holder estimate below.

Lemma 3.1. Suppose that u € Hfoc(@) N LY RY; (1 + |2|NT25) 1) and f € L®°(RYN) solves
(A cu=f in Rf

i.e. for all p € Hp (RY) with Supp(p) CC RV
/ (u(@) — uy))(p(z) — @)K (z,y) dvdy = / f(x)p(x) da. (3.8)
RN xRN RN

Thenw € H?

loc’e(RN)ﬂLl(RN; (1+ 2| N*25)=1) and for all p € Hfoc’e(RN), with Supp(p) CC
RN

/ (@(x) —a(y)(e(@) — @)K (z,y) dedy =2 | f(z)p(z)dz.
RN xRN RN

Proof. The fact that w € H, Joc, E(RN ) follows from (B.7]). Moreover by a change of variable, we
have @ € LY(RN; (14]x|N+24)71). We let ¢ € C, and put n(z, y) = (u(z)—u(y)) (e (z)—e(y))-
Then for all z,y € RV,

n(@,y) =nly,z) = n(R(z),y).
Using (3.6 and the fact that RY = R(RY), we get

[ neyReddy =2 [ (o) - ul) () - o) (@) dody.
RN xRN RN xRN
The proof is thus complete thanks (3.8]). O

In our next result we will show Hoélder continuity of @ (solution to (B8)) on B;. The
argument is based on the De Giorgi iteration techniques. In view of the recent work in the
literature see e.g. [12], it suffices to prove that @ belongs to a fractional De Giorgi class as
defined in [12]. The proof is similar as in [I2], we shall only focus our attention to the fact
that K is not controlled from above by |z — 4|~V ~2%. But using the symmetry properties of
the tests functions and the solution, we can reach our goal.
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We fix the notations as in the aforementioned paper. For a real number a, we write
a+ = max(a,0) and a— = max(—a,0). For a measurable real valued function v and a real
number k,

Af (k) ={z eRY 1w >k},  Al(k,zo,7) = A (k) N B,(x0).
Proposition 3.2. Let u € Hfoc’e(RN) ALY RY; (14 [2/N*29)71Y) and f € L®(RY) satisfy,
for all ¢ € Hfoc’e(]RN), Supp(¢) cC RV,

/ (@lz) W) o() ~ o) K (wry) dudy = [ f@ola)de.  (39)
RN xRN RN

Let k €R, 79 > 0 and xg € RN. Then for 0 < p <1 < 1, we have

1 1 w=(y)
—|wilgs(B.(zo)) + = / w4 (x / S SNV - dydx
2[ ]H (Bp(x0)) 2 B, (o) ( ) B y‘N+2

ro@ofx'—
C(N) 2 16 / w(y)
S — b |lw . =y
=~ (7_ _ p)2(1 — S) ” :IZHLZ(BT(:(:O)) (T — p)N+28 ” :I:HLl(B-r( 0)) y|>p ‘y _ a:o\N“S Yy

2
+ C—HfH%OO(]RN)Ai(kame)‘

where wy = (T — k)+.

Proof. We follow very closely the argument in [12, Proof of Proposition 8.5]. We let n € C, be
such that 0 < n < 1, with Supp(n) = B,ir and n =1 on B,. We use ¢ = n*wy € Hj  _(RY)
2 b

as a test function in (B3] to get

/ (@(z) — () (p(x) — p(y) K (z,y) dedy < / |f (@) (2)wy (z) da.
RN xRN RN
AS a consequence

/ (@l(x) - (w))((z) — p(u) K (z,y) drdy (3.10)
BrxBr

+ 2/ (@(z) —a()(p(z) — e(y)K (z,y) dedy < / |f (@) (2)wy (z) da.
B, xRN\B,

At (k,TE2)

Now from the argument in [12], Section 8|, we have

/ (a(x) — 7)) (0(x) — @)K (z,y) dedy
BrxB-

—_

25 [, e~ w) R dedy 45 [ wie) [ v @) dyds
2wk ()X 0() - 0(0) R (2. 9) dod.
BrXxBr
Hence, by ([B.5), we have

/ (a(z) — u(y)) (o) — @)K (z,y) dedy
BrxBr

CN,s CN,s _N—2s
> S iy + B [ wi@) [ @l - ol Y dyds
2 2 Jp, B

- 2/ max(w. (x), w+ (y))* (n(x) —1(y))* K (z,y) dzdy. (3.11)
BrxBr
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Now by (B.6]), we get
[ et @) e )P 0(z) - 1(0) PR o, y) dody
BrxBr
[ max(u () we 0)?0(0) — ()P o) dedy
BrXxBr

< 86N7SHV77H%OC(BP+T)Hw.l’_H%Z(BT) sup/ ’x _ y’—N—2s+2 dy
Tz r |le—y|<2T
CN’S—C(]V)Hw H2
~(r—p)2(1—5s) +1L2(B;)-
Using this in ([B.I1]), we find that
1

CN,s
1 1 N C(N)R2(1—5)
> sl 4y [ 0@ [ e =y dyds - EELE g,
’ ' (3.13)

/ (@(x) —a(y))(e(z) — ¢W)K(z,y) dvdy (3.12)
BrxB-

Next, following once more [12], Section 8|, for every rg > 0, we also have that
[ (@) = uw)ete) o) K () dady
B, xRN\B,

/ w_(y)K (z,y) dyda
B

ro (T )\BT

=,
/I ) /u(y)>u(m)}\BT (@ly) — (=)
[, /B ¥

This then implies that

=l

(v,y)dy dx

wio) [ i) R(wy)dyda,
o (#)\Br (k,752) RN\B,

/ XRN\B —u(y))(p(x) — o) K (x,y) drdy
> /Bp w(z) /Bm(x)\BT w_(y)K (z,y) dydx — 2/3%1) w4 () /RN\BT wy () K (z,y) dy dz.

Moreover from (3.3)) and ([B.6), we get,

/ (@) — 1)) (olx) — o) K (z,y) dedy
B, xRN\B,

w-(y)
>c ,s/ w x/ ————dydx — 8 /
N, B, +() Bry ()\ B> |l‘— |N+2s B.

w—(y) w4 (y)
261\775/ w x/ 5 dydx — 8cn s w x/ 7dydx
B, #) Bry(@n\B, [T = ylNF? Boi, #) RM\B, |7 — Y|V

=L

wi () / wi () K 1 (2, ) dy de
. RM\B,

ot



10 MOUHAMED M. FALL

Using that |2 — y| > 52|y| we then deduce that
[ (@)~ uw)eln) o) K () dady
Br xRN\B,

w_(y) 8¢, s w (y)

ZCN7S/ w x/ —— —dydr — —————||w 1 T/ dy.
5, +() Brg (N\Br |z — y|N+2s (T_p)N+2sH +llz (Br) - |y|N+2s

(3.14)

Now, using Young’s inequality, we can estimate

2
2 de < 2|11 A+k,7+p+ 2 .
/. e TN D0 0) < 2 e A% T ) + g

Combining the above estimate with [3.14]), (8.10) and (813]), we conclude that

CN,s CN,s w— (y)
T[w-i-]Hs(Bﬂ) + 2 /Bp ’UJ+($) /Bro(x) ’x — y’N+28 dydflf

ensC(N) 9 16¢n 5 / w4y (y)
P 2 lw + x5 lw d
(7__,0)2(1 —S)H +HL2(BT) (T—p)N+2sH +HL1(BT) > |y|N+2s Yy

+ 2||f||%oo(RN)A+(k’, 7).

IN

Next, testing the equation with n?w_, we get the same estimates as above, with w_ in the
place of wy and vice versa. Now by the translation invariance of the problem we get the
result. O

Our next result provides Holder continuity up to the boundary for harmonic functions with
respect to (—A)2

RV
R+

Theorem 3.3. Let f € L¥(RY) and suppose that u € Hfoc(@) N LYRY; (1 + |z V+2s)~1)
solves

(—A)Xru=f on RY.

N
R+

Then there exist ag = ap(N,s) >0 and C = C(N, s) > 0 such that

|u(y)]
ul| .., <C| ||w +/ dy + || fllre .
|| HC 0<Bir> (H ||L2(B;) {‘y|21/2}me |y|N+23 || ||L (]RN)

Proof. By Lemma BI @ = uo R € Hj _ _(RY) N LYRN; (1 + |z[N*2%)~1). Moreover by
Proposition B.2] @ belongs to the De Giorgi class in the sense of [12]. We can therefore
apply [12, Theorem 6.2 and Theorem 6.4] to get

[u(y)|
Ay + || f | oo mny | -
ly|>1/2} |y| N +2s 1 £1l oo (Y

[Tl oo () < <HWHL2(BQ) +/{

This completes the proof from the definition of w.
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4. LIOUVILLE THEOREM

The main result of the present section is the following classification result of functions
u € Hi (RY) solving
(—A)]‘;@u =0 in RY (4.1)

and having a some growth control smaller than 2s. The argument we develop below will
provides also a Liouville-type result in the case of the Censored fractional Laplacian (—A)% N-
+
Its proof requires several preliminary results.
Theorem 4.1. Let u be a solution to [AI]) and suppose that, for some constants C' > 0 and
e € (0,2s),
lullz2(Bg) < CR=te for all R > 1. (4.2)

(i) If 2s <1 then u is a constant function on ]Rﬂ\rf.
(i) If 2s > 1 then u(2’,xn) = a+c- 2’ for all z = (2',xn) € RY, for some constants
acR andce RVNL

We remark that in the case 2s = 1, the growth assumption ([£2]) is not necessary. In fact
we will show that any solution u € Hllo/f(Rf) NLYRY; (1 +|z/V )71 to @) is a constant
function.

The following result provides a higher order regularity of solutions in the tangential direc-

tion. This takes advantages on the translation invariant of the problem the in the tangen-
u(z+he)—u(x)

|h‘a )
e € RV=! asin [§]. In the nonlocal setting, one should cut off the solution at each step in
order to deal with the tail.

tial direction which allows to estimate the incremental quotient of u given by

loc(@) N Ll(Rf; (1 + |z|N*+29)=1 satisfying
(-A¥cu=0 in RY. (4.3)

N
R+

Proposition 4.2. We consider uw € H}

Then

||V§'UHLoo(B;r) <C (HUHLz(B;) +/{ Ju(y)|ly| N2 dy) .

N
|y\21/2}ﬂR+

. o . _N_2
Proof. For simplicity, we assume that HuHLg(B2+) +f{|y‘21/2}ﬂR¥ lu(y)||y| $dy < 1. Hence
by Theorem 3.3, we have |ul|cap,) < C. Let r; := 1+27" and ¢; € C°(B,,) such that
¢;i=1on B Let v; = ¢;u which satisfies

(—A)];—Nvi(:n) = fi(x) for all z € B,

Ti+2?

Ti41°

where

fi(z) = ¢i+2(l’)/

ly|=>rs
It clearly satisfies | fil|c2@eny < C. In view of Theorem .3} we get

ol coqey) < C- (44)

vi(y) gy ()l =y~ dy.

For e € RN"1 and |e| = 1 and h € R, we define
x + he) — u(z)

. u
uhe(x) = ( i ,
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Then we can consider w; j, o(2) = W Then by @A), for h € By, ,,
[wi,n,all oo mry < C.
Moreover, by the translation invariant of the problem in the tangential direction,

(—A):+ Wi h.ao = Gi for all x € BT

RN Ti477
with

gi(z) = f?7e+¢i+5($)/ Ulhe( )1]RN( NE: _y‘—N—2s dy.

[y|>rits
Therefore, by Theorem [3.3],
‘|'[Ui,h,a”ca(Br+i+8) <C.

Hence, see [8, Section 5.3], we have that u in C?* in the direction of e if 2o < 1 while u in
C%1 in the direction of e if 2cc > 1. Iterating this procedure a finite number of times, we will
find an integer n such that u € C%'(B,, ) and

[Varull g (s,,) < C.

By the same argument as above considering 0,,u, with ¢ = 1,..., N — 1, in the place of w,
we will get the Lipschitz bound of 0,,u. This then gives the result. (]

Proposition 4.3. We consider u € H, foc(@) satisfying

(- A)RNU—O in RY (4.5)

and
HU”%z(BR) < CRN*t® for all R > 1,

for some C > 0 and e < min(1,2s). Then u is one dimension. More precisely, it is a function
on Ry.

Proof. By scaling, we have that

IVartll ooty < C | B Hull g2 gy ) + B> )|yl N2 dy | .
(Bg) (B3r) (

N
|y\22R}ﬁR+

We now estimate

|url / [ur(y)|
dy < E dy
/{|y>R}ﬂRN [y|N+2s {R27+1>|y|>2¢ RYNRY |y N +2s
o0

Z 2ZR —N— 2sHuHL1 21+1R) SCZ(QiR)_N_2S(2i+1R)N+€
i=0 =0

< OR2+e i(2i)—2s+a < OR-2te,

=0
We then deduce that HeruHLOO(BE) < R! Letting R — oo, we see that Vyu = 0 on
RY. O
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4.1. The one dimensional problem. This section is devoted to the classification of solu-

tions u € Hj ([0,00)) N L1(R}) satisfying some growth control and solving the equation
(—A)%—Jru =0 on Ry, (4.6)

where, here and in the following, we define
LIA) == LY(A; (1 + |=)~172) for A a measurable subset of R.
Let v € CZ,.(0,00) N L{(Ry) and define ¥ = vl o). A direct computation shows that, for
S R+,
s~ s Cl,s s -~ —2s~
(=A)0(z) = (A, v(z) + v(m)/R EEEE dy = (—A)g, v(z) + asz *o(x), (4.7

where (—A)*® is the standard fractional Laplacian (see (1)) and as := 5=. Indeed, by a
change of variable, we deduce that for xz € R,

1 as [ —1-2s x %

—0o0

As a consequence, if u solves (6] then we find that u = ul(g ) solves
(=AU —asz™*u=0 on R,. (4.9)

The above discussion shows that to study (4.6]) we can consider ([£.9). Now the study of the
latter problem leads us to consider optimal Hardy-type inequalities and allows us to consider
the local version of the problem via the extension on the upper half-space }R%r.
We define
R :={z=(v,t) eR? : t >0}, OR: =R.
We recall the Poisson kernel with respect to the extended operator div(¢t'=2%-) on Ri, see
e.g. [7], given by
t2s t2s
=b ,
*J(a, )|

where b, is a normalization constant such that fR Ps(t,x)dx =1 for all t > 0. We recall the
following result [7].

Lemma 4.4. Let u € LL(R) and define

Py(2) := bs 2[1+2s

s u(y)
) = 0 [ o e
Then
div(t'"*w) =0 onRY.

(i) Ifu € H (R), then w € H} (@;tl_zs). Moreover for every ® € C°(R?) we have

loc

/}R2 tH=2Vw(z,t) - VO(z,t) dedt = ESCIT’S /R2 (u(z) = u(’y;)i@y(ﬁ;gl —*,0)) dxdy,

+
for some constant kg > 0.
(i) If u € C(a,b) then

lim w(zx,t) = u(zx) for all x € (a,b).
t—0

(iii) If u € C?*(a,b) then
—lim "2 0,w(t, z) = Re(—A)%u(x) for all x € (a,b).

t—0
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Proof. To check (i), it suffices to write u = xru + (1 — xgr)u with xgr € C°(R) such that
x =1 on (—2R,2R). Then one can easily see that w € H'((—R, R) x (0, R);t'72%).
Now (ii) and (iii) are well known. O

We recall the classification of the functions of the form w, := 271y ) solving (—A)f§+ xV =

0 on R4, for v > 0. Such functions are all known. Indeed for v € (—1,2s), we have, see
e.g. [3],

(_A)]?hwv = —p(v, 5)517_28"‘}7 on Ry,

L — 1) — 21
/L('Vv 8) = CLS/O (1 _ t)1+2s dt.

where

We observe that the above integral is absolutely convergent and
w(vy,s)=0 if and only if v € {0;2s — 1}. (4.10)
We also notice, from (4.7, that

(—A)wy, = (a5 — pu(v,8)) 2~ *w, on R;. (4.11)
Moreover, by considering the extended function
wy (1, 1) := bt /R+ (= — y’;_;/_(tyz))(1+2s)/2 dy, (4.12)
we get, thanks to Lemma [4.4]
div(t'=%Vw,) = 0 in R%
— limy_y0 t1= 20w~ = Rs (as — (7, 8)) 2725w, on R, (4.13)
wy =0 on R_.

We recall that wes—1 is the ”virtual” positive ground state leading to the sharp fractional
2

Hardy inequality on the half-line. Indeed, see e.g. [3], for every u € C°(R,), we have

C1s / (u(x) — u(y))? —2s, 2

— ————" drdy > —u((2s — 1)/2, s) x~u(x) dr.

2 R+XR+ |:E - y|1+23 R+

The constant — p( 252_ L s) is optimal and it is positive for 2s # 1 and vanishes for 2s = 1. From
this and (4.8]), we deduce the following sharp Hardy inequality that, for every u € C(R,),

2
s [ (u(@) —u(y) r () / 9,2
: —r = dydy > —=2— | v “%u(x)dx. 4.14
2 /RXR |z — y[tH2s @ R (@) (4.14)
Here, we used that, see e.g. [3],
I (251 2
% = ay — p((25 — 1)/2,5). (4.15)

By Lemma 4] and (@I4)), we find that, for all w € C}(R?), with w = 0 on (—o0,0] x {0},

25412
/ |Vw(z, )|t 725 dedt > ESM / ™% w(x,0)? dx. (4.16)
R2 n R
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Using polar coordinates, the above inequality yields a sharp inequality on Si. Indeed, let
Y € C1(0,7) such that ¢(7) = 0 and f € C°(Ry). Letting w(r cos(8),rsin(f)) = f(r)y(6)
in (£.16]), we get

o / 2 2—2s T : 1—2s 2 o 2 —2s T : 1—2s / 2
/0 (F ()2 dr/o sin(60)1=2(6) d9+/0 (F(r)r dr/o sin(6)1=2 (4 (9))2d0

2
(%)

s

> ks

j§u¥f<r»2r-25dr¢«o>?

This implies that

[e'e) _ 2
Jo (f'(r)?r? > dr ™ 1-2 2 /7r : =25 12 < T L (%) 2
0) ~=(0)=do 0) = (W'(0))" > ks
b, SO0 [ im0 2 E o
Using the classical optimal Hardy inequality, we obtain that
S )P 2 (25— 1)
fece®y) [oo(f(r)2r=2sdr 4
We then deduce immediately that
_1)\2 s IS _T 2s+1 2
% /0 sin(0)1=24(0)2d0 + /O sin(0)1=2 (4 (6))2d0 > k5¥¢(0)2. (4.17)
We observe the following crucial fact that for 2s # 1,
I (2s£1)?
as < M, (4.18)
T

which follows from (£I5) and the fact that —p ((2s —1)/2,s) > 0 for 2s # 1. We consider

the eigenvalue problem on H!((0, 7);sin(8)'~2%) given by
—(sin(0)1 259" + % sin(6)1=25y = Asin()1 =259 in (0, )
— limg_q sin(0)1 7259 () = Ksas1(0) (4.19)
P(m) =0.
By (£18) and ([@I7), for 2s # 1, it possesses a sequence of increasing eigenvalue 0 < A\j(s) <
A2(s) <,..., with corresponding eigenfunctions 1, normalized as

/ sin(9)1%2(0) df = 1.
0
We have the following result.

Lemma 4.5. Suppose that s € (0,1). Then the following statements hold.
(1) If 2s # 1, then A\ (s) = %.
(i1) If 25 # 1 then 251 + \/As(s) > 2s.
(1i1) If 2s =1, then (EI9) has a nontrivial solution for A =0 and () = m — 6.
Proof. To prove (i), we consider w, defined by (4I2]), with v = 0. It is plain that wy(z) =

wo(z/|z]) and letting wg(f) = wo(cos(),sin(h)), then wy solves (LI9), with A\ = M,
pointwise, thanks to (AI3]). Moreover, by a change of variable

o 1
To(0) = bs/ .
0( ) — cot(6) (1 +t2)2%
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From this, we find that wg'(#) = —bs(sin(#))?*~!. This implies that wg € H'((0, );sin(h)'~2%),
25—1)2

because wy € L>(0, 7). Since wy does not change sign we deduce that Ai(s) = (T

To prove (ii), we suppose on the contrary that ¢4 = % + /A2(s) < 2s. Then consider
the function

U(rcos(0),rsin(0)) = rity(0).

Note that g+ > 0, since (2821)2 = Ai(s) < Aa(s). By direct computations, we have that U
solves
div(t!=25VU) =0 in R%
—t172VU - ey = Reasx~2U on R, (4.20)
U=0 on R_.

We observe that U |R = wg, ¥2(0). Recall that the extension of wy, is given by wg, which
solves (@I3). Since also g4 > 251 we have that U,w,, € lec(@;tl_%). It follows that
V = U — wg, 2(0) € C°(R2) solves

(4125 _ T2
{dlv(t VV)=0 in R%. (4.21)

V=0 on R.

We then consider the odd reflection (in the t-direction) of V denoted by V € HL _(R2; |¢]'~2%).
It solves, weakly,

div([t'=>*VV)=0  inR% (4.22)
Since by our assumption, the growth of V is of order ¢y < 2, it then follows from a well
known Liouville theorem that V(z,t) = at|t|**=! + b + cx, for some constants a,b,c € R,
see e.g. [6]. Since g1 < 2s, the continuity and oddness, with respect to ¢, of V imply that

V =V =0 on R2. Hence U = wy, ¢2(0) on R2. Now from ([£20) and the definition of w,,
we deduce that

ba(0)(~A) g, = (~A) (U]p) = asa Uy = (as — plas5))x > wy, 2(0)  on Ry

We then get p(gy,s) = 0 and hence thanks to (4I0), either ¢ = 0 or ¢4 = 2s — 1.
We now check that this leads to a contradiction. Indeed, each of these cases implies that
V2(s) = £25L 50 that Aa(s) = Ai(s) which is not possible.

Now (iii) follows by noticing that the explicit solutions to the first equation in ([@I9I), for
A =0, are given by the affine functions. Note, in this case, that k1, =1 and ay/, = %

The following result shows that for u € Hy (Ry) N LL(R;) solving #6) then u — u(0) €
L2((0,R);272%) for all R > 0. With this property, we immediately deduce that (u —
u(0))1j0,00) € Hj,,.(R), thanks to ([2I)). This will be useful in order to use Lemma A4l

Lemma 4.6. Let s € (0,1) and u € Hi (Ry) N LL(Ry) be a solution to

(_A)ISRTU =0 on R;.

Then v := (u —u(0))1,o0) € H,(R).
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Proof. In view of (2Z1l), it suffices to prove that fol 27 250%(z) dz < co. In the case 2s < 1, this
follows immediately from Theorem B3] Next, we consider the case 25 > 1. Let G € C'(R)
be given by G(t) = 0 for [t| < 1 and G(t) =t for [t| > 2. We define vy(z) = +G(kv(z)). By
Theorem B.3] we have that v € C([0,1)) and v(0) = 0. Therefore gv, € C.(0,1) N H*(0,1) C
H§(0,1) for all ¢ € C°(0,1). By the Hardy inequality, see [19, Theorem 1.4.4.3] or [3], we
have

1
/0 272 (pup)? () dr < Cllpwr) s 0,1y < Clelirs o) (kT3 0.1y < CLelhs 0.y [0)Frs (0.1

By Fatou’s lemma, we deduce that fol 272502 (2) dz < 0o as desired. O

Proposition 4.7. Let u € Hj (R}) and w € Hi (R) N C°(R), be such that

(—A)%Tuzo in Ry,

(A, w=0 in Ry, w=0 on (—o0,0]
and, for some constants C > 0 and ¢ € (0,2s),

HUH%?(—R,R) < CRY* forall R >1 (4.23)

and
kuiz(_R,R) < CR'* for all R > 1.

(i) If s #1/2 then u is a constant function on R.
(i) If 25 > 1 then w(x) = bx®~1 for all x € Ry, for some constant b € R.

Proof. By Lemma [4.6, the function v = (u — u(0))1}9 ) € Hj,.(R). We also have that (see

&1))

(A v=(-APv—aa =0 in R,

We then define V(x,t) = (P(t,-) x v)(x,t). By Lemma B4, we have V € Hlloc(@§ t1—25)‘
Moreover,

div(t'=2VV) =0 in R2
—t1725VV - ey = Reasx ™2V on Ry (4.24)
V=0 on R_.

For s # 1/2, we consider (1), the complete sequence of eigenfunction corresponding to the
eigenvalue problem (4.1I9]). We then have that

V(rcos(f),rsin(f)) = Z a(r)e(0).
k=1

Then using ([4.24]), we find that the functions oy solves the equation
2—2 25 — 1)
i SO/ + <( S )
r

o) + & 1 — )\k(s)> ap =0 (0, 00).

We then get

2s5—1 2s5—1
ag(r) = c;:r 5 TVAR(S) CLT - ’\k(s), for some constants cf € R.
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Noting that V € L2((—1,1) x (0,1);|2|~2¢t!72%) (by Hardy’s inequality, see e.g. [I7]) we thus
get ¢;; = 0. It follows that

V(rcos(f), rsin(0 Zc r 271+V)\k(8)1/%(9).

From the growth assumption (£23]), the Parseval identity and Lemma[Z5l we have that c,j =0

for all k > 2. Now since \(s) = (28—1)2

V (rcos(f),rsin(9)) = ¢ rETVA) 1(0) = ¢f g+ By sign(2s— Dy (),

so that if 2s < 1 then V(z) = ¢f¢1(0), while V(rcos(d),rsin(6)) = ¢fr?*~11(0) in the
case 2s > 1. Recalling that V(z,0) = v(z) = u(z) — u(0) for all z € Ry, we thus get
u(z) = u(0) + ¢ ¥1(0)2?*~ ! for all z € R, Sined] (—A)%Tx%_l # 0 on R, we deduce that

u is a constant function on Ry . The proof of (i) is thus complete.

, we obtain

To obtain (ii) we simply carry out the above argument replacing (u — u(0))1jp,o) With w
(recall that by assumption f R 2=25w2 dz < oo for all R > 0, by the Hardy inequality) and
we deduce that w(z) = ¢ 11 (0 )( )3t O

The following result contains a nonexistence result of nonegative supersolutions to linear
equation with Hardy potential in 2 dimensions as considered in [I8] under weaker form.

Proposition 4.8. Let u € H,/ /2(]R+) N LI/Q(RJF) be such that
1/2 .
(— A)R+u—0 in Ry.
Then u is a constant function.

1/2

Proof. We first note that, letting v = (u — u(0))1(9,~), We have that (—A)R

Moreover it satisfies

v =0on Ry.

[o(@)] < Cla[*, (4.25)

by Theorem [3.3] This implies that v € H1/2( R) N C(R) because 2~ /2y € L?(0,R). In
addition by the interior regularity, we have that v is smooth in R,.

We wish to show that v = 0 on R. To this end, we write v = vy — v_ = max(v,0) —
max(—wv,0). We will prove that vy = 0.

Claim: v_ = 0 on R. Suppose on the contrary that v_ is not identically zero. By the
Kato-type inequality, we have

(—A)1/2’U_ _ %x—lv_ — (_A)]E/fv_ >0 n R+

in the weak sense. By the strong maximum principle, it is positive on Ry. We let V(¢,z) =
(P(t,) xv)(z). Then by Lemma 44l we have that V € lOC(R2 ) and

AV =0 in Rﬁ_
—0,V > a7V on Ry (4.26)
V=0 on R_.

lCommunicated to the author by X. Ros-Oton and proved in [221].
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Since v— € C}°(R), we also have that V € o

loc loc

V(0) = 0 by ([@25]), we then deduce that
IV (2)] < C|z|*. (4.27)

We let 7(r) = [41 V(rcos(0),rsin(0))o(0) df, where po(#) = m — 6 > 0 is given by Lemma
5L (i7i). We have that T € H!((0, R);r) for every R > 0 and thanks to ([A27) we have
r~1/27 € L2((0, R); 7). Then letting an arbitrary f € C2°(R), we can test 28] with fig to
deduce that

(@), for some o, > 0. Therefore since

/ () f'(r)rdr >0,
so that :
—(r) >0 on (0,1). (4.28)
Following [18], for § € (1/2,1), we consider the function
@s(r) = (—log(r))~° for r € (0,1/e), ©s5(0) := 0.
Then s € H((0, R);r) with
1/e 1 1
/0 r s (r)dr = %1 (4.29)
A direct computation yields
— (res) <0 on (0,1). (4.30)

We observe that by [@L2T7)), 7(0) = 0. Letting K := 7(1/e) then (1—Ks)_ € HZ((0,1/e);7)N
C([0,1)). Moreover, by combining ([£28) and ([£30) we see that —(r(7 — ¢s)’) > 0 on
(0,1/e). Using (1 — K¢s)— as a test function in this differential inequality, we see that
(T — K¢5) -2 ((0,1/e)) = 0- From this together with the fact that (7 — K¢;)-(0) = 0, we
deduce that (7 — Kps)— =0 on (0,1/e), so that 7 > K¢s. But then (£.29) implies

1/e 1/e
/ () tdr > K/ O3 (ryrLdr = K
) ) 2 —1

and thus letting § ~\, 1/2, we reach a contradiction. Therefore v =0 on Ry as claimed.

As a consequence v = v4. Now using precisely the same argument as above, we also deduce
that vy = 0. (]
4.2. Proof of Theorem [4.7] (completed).

Proof. If € < min(2s, 1), then by Proposition 3] u is a function of 2. Applying Poposition
.7 and Proposition 4.8 we get the result.
We now consider the case 2s > ¢ > 1. By Proposition [£.3] and a scaling, we have that

IVarull ooty < C <||U||L2(B2+R) + R¥7! /| |u(y)[ gy (y)|y| V2 dy>
Y

<R, (4.31)

where we used that, since ¢ < 2s, then f\yIZR/2 |u(y)|1R$(y)|y|_N_28 dy < CR™25*¢. Note

that 0 < e -1 < 2s -1 < 1. On the other hand, for ¢« = 1,..., N — 1, we have that

Op,u € Hp (RV)NLYRY; (1+]z|N25)~1) by Proposition 2 and (@31]). Moreover it satisfies

(—A)Eﬁamiu = 0 on RY. We then deduce, from Proposition .7+(i), Propositon 3 and ([31)),
+

|>R/2
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that d;,u is constant on RY for all i. Hence u(z’,zy) = a(zn) + b(zy) - 2/. Now noting

that u(z + h) — u(z) = b(zy)h, for all h € RV~ we see that (—A)[“"Wb = (—A)E’tb =0 and

N

hence from the growth assumption of u and Proposition 7] we obtain b(xy) = b(0) for all

xzy > 0. From this we deduce that (—A)%Ta(:mv) = 0 and therefore a(zy) = a(0), thanks to
+

Proposition [A7+(i).
U
5. REGULARITY ESTIMATES ON OPEN SETS

We define a class of kernels arising after performing a parameterization that locally flatten
the underlying domain.
For ¢ € COY(RN=1), we define the kernel K¢ : RN x RN — [0, o0] by

CN,s

K;ﬁ(xvy) = 1Rf(x)1RN( )‘\II( ) ( )’N+257 \IJ(.Z') = \I,(‘TIPZ'N) = (.Z',,.Z'N —|—”L/J(.’L’,))
(5.1)
We have
W(2)=U(y)* = [z—yP+p(z,y),  ple,y) = Q(SEN—yN)(ﬂl(fL'/)—7!)(1/))4-(7!)(117/)—7!)(1/(/5))22)-

By the fundamental theorem of calculus,

lut,y)| <2+/ Vo + iy — o ,dt>/ V(! +t(y — z'))| dt. (5.3)

|z —yl> =

Recalling (3.2)) for the definition of K. Then for z,y € RY, we have

=y N2 (KL () - KT (2,)

1 _ N+42s+2
(@254 Nz — gV () / (2 =y + tu(e,y) 2 dt
0
N+4+2s5+42
wz,y) [ plz,y)\ 2
—23+NCN,7/ <1+t dt. 5.4
@s+Newa 7=y J, 7=y (5:4)

We then get from (5.3), for all z,y € RY

) ex (N +28)(2 + |V oo (rv—19) | V0] e v
o — y N2 KY (2, y) — K (2, y)] < E) . (55)

(1= @+ IVl e @) [Vl oy )

In the following, for a kernel K : RY x RY — [—~o0, 00|, we define the bilinear form

1

Dilu,) =5 [ | (ula) = uly))(v(z) = o) K (z.9) dady. (5.0

2

5.1. A priori estimates. We recall the following Caccioppoli type inequality, see e.g. [16],
Lemma 9.1].

Lemma 5.1. Let Q) be an open set, h € L}OC(Q) and KC a nonnegative and symmetric function
defined on RN x RN such that

/ (w(z) — w(y)) (@) — p(y)K(z,y) dedy = / hWa)o@)de  for all o € C2(Q).
R2N RN
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Then for all € > 0 and all p € C°(QY), we have
(1=2) [ (o)~ )PPk ) dyde < [ @)l @) da

w7t [ wr@)pta) o) *K(y) dyda,

Next, we prove the following result toward the regularity up to the boundary in C' domains.

Proposition 5.2. Let sg,a € (0,1) and p > %. Then there exist €9, C' > 0 such that for
every ¢ € CLIRN™Y), s € [s0,1) and for every g € LP(RY), v € HS(Rf) satisfying

”VinLoo(RNﬂ) <€

and
Do) = [ a@ple)de  for all g  C(By)
B2
we have
—2a—N 2
supr s I = vt ) 17252 (o) < CUN 2@y + llglo @), (5.7)
where uy = |A\ J4 f(z)dx and o := min(2s — N/p,@).

Proof. Assume that the assertion in the proposition does not hold, then for every n € N,
there exist 1, € CLRN 1), s, € [s0,1), gn € LP(RY), v,, € H*(RY), with

HgnHLP(RN) + HU"HL%Rf) <1

satisfying
1
IVbnlpoo @v-1y < - (5.8)
and
Disp(tns) = [ an(whpla)ds  for all € C(Bo) (5.9)
2
while
supr N2 sup (on — (v) B, (o) 28,2y > T
>0 z€B;

where a, := min(@, 2s,, — N/p)). Consequently, there exists 7, > 0 and z, € B{ such that

NI = () ) [ oy > /2 (10

We consider the (well defined, because ||vy]| 2 ®Y) < 1) nonincreasing function O, : (0,00) —

[0,00) given by

On(r) = sup )T_N_Q%HU” = () g (e L2 o)
re|r,0o
Obviously, for n > 2, by (5.10),
On(Tp) > n/2 > 1. (5.11)

Hence, provided n > 2, there exists r, € [Ty, 00) such that

_N—2a _ _ 1
On(ry) > TnN 2 *lon — (U")Bfn(zn)H;(Bin(zn)) > 0, (Ty) —1/2> (1 -1/2)0,(T,) > 5(9”(7’”),

where we used the monotonicity of ©, for the last inequality, while the first inequality
comes from the definition of ©,,. In particular, thanks to (5I1), ©,(r,) > n/4. Now since
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V5]l L2@ny < 1, we have that rN=20 > /8, so that r, — 0 as n — oo. We now define the
sequence of functions

1
wyp(x) = @n(rn)—l/%;an {vn(rnx +zp) — W /B+ Un(Tpe + 25) dx} ,
1 1

which, satisfies

—

HwnHiQ(BD > 3 and /B+ wyp(x)dr =0 for every n > 2. (5.12)
1

Using that, for every » > 0 and z € B}, ||v, — (vn)B;L(Z)HiQ(BJT(z)) < pN+20nQ, (1) and the
monotonicity of ©,,, by [16, Lemma 3.1], we find that

w2y, iy < CRNT200 for every R > 1 and n > 2, (5.13)
L2(Bg)
for some constant C' = C'(N, s, p) > 0.
We define
s ~ 1
K, (z,y) = K;Z’n” (x,y), where ¢, () = —(rpx + 25,).
Tn

Since |2z,| < 1, we have that B 1 (0) C B2 (52*). Letting

2rn ™

7,2s—an

[ :nign ™ + Zn),
)= S + 5

then by a change of variable, we obtain that, for all ¢ € C°(B_1 (0)) ,

2rn

%/RW\’ (wn(2) —wn(y)((z) — oY) Kn(z,y) dedy = /N G (x)p(x) d. (5.14)

RY

We fix M > 1 and let n > 2 large, so that 1 < M < ﬁ Let xar € C°(Byas) be such that
XM = 1 on By and define W), := xpwy. Then by letting ¢ = xp/4 € C°(Byr), we find
that

1

5 [ Wal@) = Wal) () — o) Kl dody = [ Gulalola)da,  (5.15)
R2N RY

with
Gnllr @y < G0l L@y + C(M).
By Lemma [5.1] we have
(=) [ OValo) = W) PP ) K a) dyde <2 [ @)l IWo @)l (@) do

M

+2e70 [ WR()(e(x) — (y)* Kn(w, y) dyde (5.16)

R2N

~ — CN,Sn
<2 [ G@IWal@)l @) de+ = OO funl

BJ\/I
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By Young’s inequality and Sobolev inequality, we have that

| @Wa@l@ e <z [ @)@+ 0 [ @) de
B By,

M B M

<eC(1- Sn)”‘lpgn”LP(IRN)”‘PVVTL”2 S(RY) + C(M)HgnHLP(RN)

< Cel|gnll o ) /RQN(Wn(w) — Wa(y)?@*(y) Kn(2,y) dydz

+ Cllwnllz2(Bapy + C MGl Lo @y
<00 (= [ 07a(o) = Walo) P Ko dyds +1)

where we used (B.13)) in the last inequality. Recall that W, = w;,, on Bj/,. Using the above
inequality in (5.16]), provided ¢ is small, we obtain

(1= )l < [ Wale) = Wa)P* 0K o) dyde < COD. - (6.17)

Hon (Byo)

Let 5 = lim;,,o0 $p,- Thanks to (5.17]), we have that w, is bounded in H ;;c(@) Hence by a

diagonal argument, up to a subsequence, there exists w € Hfoc(@) such that

Wy, — W in L} (RY) (5.18)
and, for all 0 <3,
Wy, — W in HY (RY). (5.19)
Therefore passing to the limit in (5.12]) and (513]), we obtain
1
)2, e 25 and /B @) de =0 (5.20)
and
||w||L2 (B5) < CRN*%8 for every R > 1, (5.21)

where 8 = min(2s — N/p,@). We observe that (5.2I]) and (5.I8]) imply

|wn () — w(z)]
/RNwd r — 0 as n — oQ. (522)

Next by (5.14]) and the choice of o, we have for all ¢ € C°(Byy), with M as above,

' [ () = wa)6(0) — ) (29) dady| < [Gullsmy 0]

(T‘ ) 1/2 25 an— N/pHgn

)

HLP(RN)H(ZSHLP%(RN)

1/2
G ] (5.23)
If s < 1, then from (5.8) and (5.4]), we get
C
|Kn(2,y) — K (2,9)] < ng —y| N2 as n — oo. (5.24)

Hence by (£.24)), (519)), (5:22]) and using that ©,,(r,) — oo as n — oo, we deduce from (5.23))
that

Lo @) =)@ = o)ie — o™ dady =0, for il 6 € CX(RY).
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By Theorem 1], we deduce that w = Const. on RY. This leads to a contradiction in (5.20).
If now 5 = 1, then applying Lemma 8] and using (5.23]), we obtain

Vuw(z) - Vé(z)dr =0 for all ¢ € C°(RY).

N
RJr

From this and (5.21]), it follows from the well known Liouville theorem for the Laplacian that
w = Const. on RY. This leads to a contradiction in (E.20).
(]

We state the following result from [26] that we will use frequently in the following.
Lemma 5.3. Let u € L°(By) and suppose that for every z = (z',xn) € By,

lu(x)| + [u]cv (B <C, for some constant C > 0 and v € (0,1).

ay (2))
Then there exists C > 0 and r > 0 depending only on N,C,~ such that
lullcv(s,y < C.
As a consequence of Proposition 5.2, we get the
Corollary 5.4. Let so,@ € (0,1). Let yp € CYRN™1), s € [s0,1) and p > %. Consider
g € LP(RY), v € H(RY) satisfying

Dyeu(v,p) = /B2+ g(z)p(x) dx for all p € C°(B2), (5.25)
Then there exist 9, C' > 0 depending only on sg, N,p and @ such that if
[ler@mn-1y < o,
we have
Il eaggr < € (Il + gl ) - (5.26)
with a := min(a, 2s — N/p).

Proof. In view of (B.7]), by a classical iteration argument (see e.g. [9]), we can find a constant
Co = Co(N, so,p, B,¢,e09) > 0 and a function m € L*(B]), with ”mHLoo(Bi) < Cj such that

Srli%)r_2a_N ZSGHB% ”6 - m(Z)H2L2(B;r(Z)) < CO(”U”LQ(Rf) + Hg”LP(RN))27 (527)

Without loss of generality, we assume that HUHLQ(Rf) +lgllLr@yy < 1. Let £ := (£,én) € B
and p := &y /2. We define

ug(y) = v(€ + py) —m(¢) = v(& + 2pen + py) — m(¢)
and g(y) = g(& + py). We have, for all ¢ € C°(Bs)

D, . (ug,p) = p** ; 9(E+ py)e(y),
2
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CN,s

where Kp,s($7y) = 1{xN>—2}($)1{yN>—2}(y)|\pp(m)_\pp(y)|N+2s and ‘ij(fn) = %\If(pﬂj‘ +¢). By
interior regularity, see e.g. [16, Theorem 4.1], we have

\us(y)] 25|~
Uu, a é C Uu, oo +/ d + $
lugllce s, ) <H ellzoe(By) L2 o2y JITTES Y+ p= (|9l o vy

ue\y s—
<C <||u§||L°°(B1) -I-/{ | é\ng;L dy + p* N/p) . (5.28)

yi>1/2}yn>-2} 1Y
By ([5:27)), we have
[ugllLo(B,) < Cp®. (5.29)
On the other hand, letting
we(y) = (w(€ +y) —m(&)) Lay>-2(y)
= (w(& + 2pen +y) —m(&)) Lizy>—21 1),
and using Corollary (.27 we get

|ue(y)] _N—
/ N |y ¥ dy = p* ly| =2 |we (y)| dy
ly|>1/2nRY 1Y ly|>p/2

o0

[o¢]
<y [ b P el dy < 0 3N [ )l dy
=0 Y P28 2|y|>p2k-1 k=0 p2k+1>|y]
o0
<pt )y (25N (2N / L €+ = mie)]d¢
k=0 Bikta,
o o0
< 0,028 (ka)—N—25(p2k)N+a < Crpa Z 2—k(2s—a) < C,Oa.
k=0 k=0
Hence, combining this with (5.29) and (5.28]), we then get
luellcrss, ) < Cp® (5.30)
Consequently,

()] < [m(&)[+Cp* < C
and
[0 =m(&)cas, ) = Wows, @) < C-
We can apply Lemma B3] to deduce that
”'Z)”C«a(BIr/z) S C

and the proof is complete. O

5.2. Higher order regularity estimates. The following result provides the first steps
toward the higher order boundary regularity. Next, we define, for i = 1,...,N, ( € RY,
r>0and we L2 (RY),

loc

N-1 N—1
ZT; ;
Py (r) = wpt + 272/ w(y)ys dy =: wyr + > wipl,(r), (5.31)
R ”yiHLZ(Bi) BY R
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where for a measurable subset A € RY and a measurable function u, we write uy =
\_iu [4u(y)dy. We note that P, is the L?(B,)-projection of z — w(z) — wp+ on the fi-
nite dimension subspace of L?(B,), span{zy,...,zx_1}. We next consider the regularity of
the tangential gradient of our solutions.

Proposition 5.5. Lets € (1/2,1), B € (0,2s—1), 2s—N/p > 1 and e < min(2s—N/p—1, 3).
Then there exist 9,C > 0 such that for every ¢ € CY#(RNY) and for every g € LP(RY),
v € H*(RY) satisfying

Dus(vp) = [ alwhpla)ds  for all o € C2(By), (532)

2
91l Le @y + 0l 2y <1
and )
[Vilcos@v-y <7, $(0) =[V(0)| =0

then we have
N _

supr” 2 v — Pyrll2s,) < C, (5.33)
r>0

where 1 := min(2s — N/p,1+ ) —e > 1.

Proof. Assume that the assertion does not hold, then for every integer n > 2, there exist
Y € CLARNY) g, € LP(RN), v, € HS(RY) N C(RY), with

HgnHLP(RN) + HUHHLZ(Rf) <1

satisfying
Disn(tns) = [ an(whpla)ds  forall € C(Bo) (531)
2
while
supr N |v, — Po, rllr2s) >n
r>0
and 1
Vinlooss—ny < 30 ¥n(0) = V4 (0)] =0. (5.35)
Define N
On(T) = sup "2 o, — Py, l12(8,)-

re(r,00)
Proceeding as in the proof of Proposition 5.2, we can find a sequence 7,, tending to zero,
such that, for all n > 2,

_N_ 1 n
n MHUH - Pvnﬂ"n”Lz(BT-n) = §@n(rn) > 1
We now define the sequence of functions
7,;’71
wn(x) = m {'Un(rnx) — Pvn,Tn (Tnaj)} . (536)
It satisfies 1
lwnllp2(m,) > B (5.37)

and for everyn >2,1=1...,N — 1,

/ wp(z)de =0 and / wy(z)z; de = 0. (5.38)
Bl Bl
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By the definition and monotonicity of ©,, we can use similar arguments as in [16,28], to
obtain

lwnllz2(By) < CRN/>m for every R > 1 and n > 2, (5.39)
for some constant C'= C'(N,~;) > 0.
25— ~
For the following, we put g,(x) = @T"(T W)l% gn(Tnx), Yp(2') = %w(rnaz’) and

Kn(z,y) = K" (2,y),
Then letting

Tﬁ—“ﬂ mll-i-ﬁ—’h N-1
P,(z) = ——PF,, r,(rnx) = — Dy (Th) T4,
@)1= g P rat) = 0 S

by a change of variable, we thus get

Dk, (wn, ) — 1, "D, (Pa, ¢) =/ gn(z)p(x) dx.

N
RJr

Since (—A)[“’Wm =0 on RY, letting K/ (z,y) = P (Kn(z,y) — K& (z,y)), we have
+

Dk () = Diy (Pav) = | n(a)iole) do (5.40)

+

We fix M > 1 and let n > 2 large so that 1 < M < %ﬂ Let xpr € C°(By4pr) be such that
XM = 1 on By and define W), := xpwy. Then by letting ¢ = X774 € C2°(Byr), we find
that

Dy (W) =~ Diy (Pant) = [ Gnla)iola) do (5.41)
+
with

IGnll Lo @~y < 1gnll e @yy + C(M).
From (5.3)), (5.4) and (5.35)), we then obtain, for all z,y € RY,

b min(|rp2’|® + |ray’|?, 1)
|z — y|V+2s :

‘K;L(‘T7y)’ = T;B ‘Kn(xvy) - K:(xvy)‘ S CN,SC(N) (542)

By Corollary 5.4 we have that HU”HCFE(Bl*) < (g, for every ¢ € (0,1). Hence Recalling

(B3T)), we thus get

P, (rn)| < Cery”. (5.43)
From this, we get
C(R)
| Pull e (Br) < O () for all R > 0 (5.44)
and, since 8 < 2s — 1,
C
”PnHLl(Rf;(l—l—\x\)fozwﬁ) < m (5.45)

Using the argument in the proof of Proposition based on Lemma [5.1] and the fractional
Sobolev inequality, we obtain a constant positive constant C'(M) only depending on M and
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N such that
COM) [ | (Wala) = Waly) P ) ) iy < 1

+ . (5.46)

[ (Pal) = Puu) (W (o)) = W) (0)) Ko 9) dyda
We now use (5.42)), (5.43), (5:44]) and (5.45) to estimate

[ (Pal@) = Pu) (W )iole) = W (0)0) K . 9) dyd

<

L  (Pala) = P Wala)pla) = Wa)l) Koo, dd

-w/rmmwm IPa(2) — Pu ()| K, )| dyd
B RN\ By

[P ()]

[N+25-5 dy + 1)

2 2
S C(M) ((1 — S)E[Wn@]HS(B;A{) + [PN]HS(Bﬂﬂ) + /]RN\BZM ‘y

_ 2
< (M) ((1 Wl s )+ 1) .
Combining this with (5.46]), we then deduce that
(1= )luwnlyn e | < ).

M/4)

Thanks to (5.17), we have that w, is bounded in H}

i OC(@). Hence by a diagonal argument,

up to a subsequence, there exists w € H fOC(Rf ) such that
Wy, —> W in L} (RY)
and, for all o < s,
Wy, — W in HY, (RY).
Moreover wy, — w in L*(RY; (1+|z[V+2%)~1), thanks to (5.39). Passing to the limit in (5.39),

we obtain ||w||L2(ng) < CRZ* for all R > 1. Next as above for all ¢ € C(Byy), by (5.42),
(544) and (5.45]), we can estimate

[ (Pala) = Pl (6() = S) K (29) dyda

C(N)
< on () ([PH]HS(BQM)[¢]HS(BQM) + 119l oo (Bar) <1 + HPH|’L1(Rf;(1+|m|)*N*2s+5))>
C(N)
< @n(rn)WHCO»l(RNy
It is also easy to see that [|gn||r»@r) < m. Therefore, by (5.42]), passing to the limit

in (5.40), we find that (—A)[“"Ww = 0 on RY. We then deduce from Theorem [ that
+

w(z',xn) =a+ c- 2, so that we reach a contradiction by passing to the limit in (5.37) and

(539). O
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Corollary 5.6. Let s € (1/2,1), 8 <2s—1 and2s—N/p > 1. Put~y = min(2s— N/p,1+ ).
Consider 1 € CHP(RN=Y), with [llers@a—1y < 2 and 1(0) = |[V(0)| = 0. Let g € LP(RY)

and v € H*(RY) N C(RY) satisfying
Dus(vp) = [ alhpla)ds  for all o € C2(By),
2
191l ze @y + 0l 2@y < 1.

Then there exist C > 0 depending only on N,s,p and B and a constant D € RN™1 satisfying

|ID| < C, (5.47)
and o

|lv —v(0) — D - x'||L2(BT+) < Cr2t7,
Proof. In view of (5.33)), using e.g. the argument in [9,[16,28], we can find a constant C
depending only on N, sg, 3,p, N and ¢ and some constant D € RN~1 d € R such that
D] +|d] < C,

and for every r > 0

||U —d—D- x/HL?(B;L) < C«,r,min(2s—N/p,1+B)—€‘

By continuity of v on @, thanks to Corollary [5.4] we deduce that v(0) = d. From the above

result we also deduce that BLHHU —v(0)| 12ty < Cr. Therefore, we repeat the argument in
Proposition with v9 = min(2s — N/p,1 + ) to deduce that
”'U B ’U(O) - D. x/HLZ(B+) < UTN/2+min(2s—N/p71+5).

Note that the reason for considering 7; := min(2s — N/p,1 + ) — € was just because we
applied Corollary [5.4] which implied (5.43)). O

Next, we prove the following crucial result.
Corollary 5.7. Under the hypothesis of Corollary [5.0, we have

sup |Vou(é)|+  sup [VU]wal(BgN/Q(g)) <C. (5.48)
ceBNRey ¢eBNRey

Moreover xn — Oz yv(0,2N) is continuous at xny = 0 and
Oz v(0) =0, (5.49)
with the constant C depending only on N, s,p and (.
Proof. Let € := (0,2p) € Bf NRey. We define
ug(y) = v(§ + py) —v(0) = D (py') = v(2pen + py) — v(0) — D - (2pen + py)’
and g(y) = g(& + py) and U(y) := p' ™D -y/. We have, for all ¢ € C(B;),

Dk, . (ue,) + p "Dk, (U, p) = p* /E 9(y)e(y) dy,

where K, s(z,y) = 1E($)1E(y)‘g,p(m)_cql,vl;s(y)‘z\u%y Y={azny > -2} and V)(z) = %\If(pﬂj‘ + &).

Since, by a change of variable,

Ulz) - U(y) N
p.v. dy=20 for all z € R™,
/RN 0, (2) — T, (y)[F 72 Y
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letting Fe(z) := ensp? fRN\E |\I,p(g[cj)(fzpj(];§’|3\,+2$ dx, we then get

D, (e, ) = /B (PP50) — Fe(v)) () dy, (5.50)

To estimate F¢ we observe that (—A)%NT:EZ- =0onRN\X, fori =1,..., N—1. Consequently,
by (B.4), for = € By, we have

|Fe(z)] = en,s

o s 1 !
o 00 =060 (G g s~ )

-8 rl ! R
SC(N)CMS/ U (2) — Uy)|2 Jo IV (p’ +t(py — pa'))| dt

dy
RN\S |z — y|N+2s
jz)” + 1yl CNys 144
< C(N)cen s . ————dy < C(N)————— D|.
< CWexalUlongm [ ooy dy < OOV 1)
By [15, Theorem 1.3], applied to (5.50), and using (5.47]), we have
|ug(y))| s\
IVuellen-1(p,,,) < C | lluellr2(s) +/ s 4+ 07l oy + 0
=172 Y]
|ug (y)]
<O ||ugl 2 +/ dy+p7 | . 5.51
(” EHL (B1) yl>1/20RY ’y‘N+2s ( )

By Corollary 5.6, we have
luellr2 () < Cp7, (5.52)
where v := min(2s — N/p,1 + ). We let
we(y) == ug(y/p) = (v(E +y) —v(0) = D-¢) 1s(y)
= (v(2pen +y) —0v(0) = D (2pen +y)) 1(y)-
Then, using Corollary (.6 we get

|ug (y)] 2 —N-2
dy = p™ ly[7" " lwe(y)| dy
/|y>1/2nz [y yl2p/2 ‘
o o
<y | ™ F el dy < 0 Y @0 [ eyl dy
= ¥ P2F>y|>p2k—1 =0 p2k+1>|y]
(o]
2s k \—N-—-2s
<p ;)(2 PNl =0(0) =D Clpaiar, )
o o
< 0,025 (ka)—N—28(p2k‘)N+’y < Cp? Z 9—k(2s—7) < Cp.
k=0 k=0
Hence, combining this with (5.52]) and (5.53]), we then get
IVugllcr-1(, ,5) < Cp- (5.53)

Scaling back, we get, for all £ € B;r N Rey,
Vo) + [Vvler-18,e) < C-
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<C,

This proves (5.48]). Note that the above estimate also implies that ||Vo|| C11(B{ " Ren)
1/2

thanks to Lemma [5.3] and that
Oy 0(©) < Cp 1,
Hence, letting p = £x/2 — 0, we obtain 0, ,v(0) = 0, which is (5.49)). O

6. THE DIRICHLET PROBLEM

As mentioned earlier, thanks to the fractional Hardy inequality with boundary singularity
HE(Q) C L3(Q;07%(x)), for s # 1/2, for every Lipschitz open set €, see e.g. [19]. As a
consequence, we may identify the space H{(€2) with the Sobolev space

HEQ) ={uec HRY) : u=0 in RV \ Q}.
See e.g. [ABI0] we have the following result.
Lemma 6.1. Let s € (0,1/2) and u € H{(RY) and g € L®(RY) such that

—A)S yu = in B,
u =0 in By .
Then
lu(y)|
Hu”C%*l(B;L) <C Hu”Lz(Bz) + / | | |N+25 dy + ”gHLO"(RN) :
‘y|21 Y
As a consequence of this result we prove the following
Lemma 6.2. Let u € Hi (RY) be such that
A yu=0 in RY,
(= Apy - (6.2)
u=0 on RV \ RY
and, for some constants C > 0 and ¢ € (0,2s),
lull2(sy) < CRZ* forall R> 1. (6.3)

Then u(z',zn) = a(xn)3 ! for some constant a € R.
Proof. Using the same argument as in the proof of Proposition 2] we find that
_N—

V2l oy < € (Il gy + [ uw)lll > dy )
ly[>1/2
Hence letting ug(x) = u(Rzx) which is a solution to (6.2]), we then get
V2l ey < € (Il + |
ly|>1/2

SRR [ Y
ly|>1/2R

lur(y)|ly| N2 dy)

From this we deduce that
Vel sy < OB

Hence, letting R — oo, we deduce that u(2’, zn) = a(zy)+b(zn)-2’. Since x — u(z+h)—u(z)
solves ([6.2) for all h € ORf , we deduce that, for i = 1..., N, the function b; solves (6.2)).
But then Proposition .7}(77) implies that b;(xy) = cl-(xN)is_l, for some constant c;, so that
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(63]) implies that ¢; = 0. It then follows that a solves (6.2)) and thus Proposition [L.7}(ii)
yields the desired result. U

Next, we state the following result for which its proof is based on a blow up argument as
above and the classification result given by Lemma Since its proof is very similar (even
simpler) to the one of Proposition [5.2], to avoid redundancy, we omit it.

Proposition 6.3. Let sp € (1/2,1), € € (0,259 — 1), p > %, Put v := min(2s — N/p, 2s —
1 —¢). Then there exist g,C > 0 such that for every s € [so,1), ¥ € CYRN™Y) and for
every g € LP(RN), w € H§(RY) satisfying

[Pler@mn-1y < €o

and
Dis(w.) = [ glalpla)dn  for all g € CX(BT),
S B2
we have
supr™ 7N sup w||F2p, oy < CUlwllp2@y) + 91l o @) (6.4)
r>0 2€B]

As a consequence we have the following result.
Corollary 6.4. Let so € (1/2,1), € € (0,259 — 1), p > % and s € [sp,1). We put vy =
min(2s — N/p,2s — 1 —¢). Let ¢y € CHRNY) g € LP(RY), w € H{(RY) satisfying and

DK;/; (w, ) = / g(x)p(z)dx for all p € C°(BY). (6.5)

By
Then there exists C, ey depending only on N, so,p and € such that, provided [1/)]01([@1\771) < €p,

i, 2) < Cllwlizas) + 1l @y + 19llze@))-

Proof. Let x € C°(By) with x =1 on By /. Then we have that u = yp,w solves
Dyplup) = [ f(@)ple)de  forall € C(Byyo),
2

for some function f € LP(RN) satisfying || f|| 1o &) < C(wllzr+11gll pogay)- Let 2o = (x4, zo-
en) € Bf and define p = 25N 50 that B, (zg) C Bsy(af) NRY. Next, we define v,(z) :=
u(pr + x0) and f,(z) == p?* f(px + x0). It is plain that v € Hy (B2) N LY (RY; WM) and

loc

Diyulve) = [ f@hplayda  forall g € CL(By).
2

where K, s(2,y) = 1{zy>—21 (%) 1y >—21(¥) |\I/,J(x)—c\11j,;zy)|N+25 and ¥, (z) = %\Il(pa;—i—xo). Note
that || f,llzrey) < pzs_N/prHLp(RN)- By the interior regularity, see e.g. [L6l Theorem 4.1].

||vp||cmm<u,zsN/p)(Bm)gc(nvpnm(&w||vp||L1<RN; 1 )+||fp||Lp(RN)). (6.6)

1+\m\N+25
By (64) and Hélder’s inequality, we have

lvollz2(my < P2l p2(py, ) < Cp7 and  [lullpi(p, oy < CrVTT forr >0, (6.7)
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Using the second estimate in (6.7]), we get

[ e B @lde = [y ol Yty dy
|lz|>1 ly—wo|2p
(o]
<y [ v — 2o lu(y)] dy
=0 ¥ P2F L2 |y—z0|>p2k
o o
< p* Z(Qkp)_N_QS/ uy) dy < p** > (2"0) N ullLis s )
k=0 p2E 1 =y = k=0 ?
o0 o0
< 0,028 Z(2kp)—N—2S(p2k)N+“/ < C«p’y Z 2—k‘(2s—~/) < Cp’\/‘
k=0 k=0
We then conclude that ||Up||L1(RN51Hz‘1N+zS) < Cp7. Tt follows from (6.7) and (6.6)), that

[vpllov (s, ) < C7 + p*s NPy,

Scaling back, we get
[u(@o)| + lullcv(B, s(x0)) < €'
which implies the claimed estimate, thanks to Lemma [5.3] O

The next result provided the first steps toward the higher order boundary regularity for
the regional fractional Dirichlet problem. We first define for w € L? (RY) and r > 0,

loc
2s—1

Quale) = 5 ((ny)l?;s_n = / w(y) (yn )2 dy = (on)2 qu(r). (6.8)
By \IN/+ v

We have the following result which is crucial to deduce higher order regularity of v/§%*~! up
to the boundary.

Proposition 6.5. Let s € (1/2,1), p > N and 8 € (0,1). Then there exist e9g,C > 0 such
that for every i € CYP(RN™Y) and for every g € LP(RN), v € H(RY) satisfying

Dys(vp) = [ awhpla)ds  forall ¢ € C2(B)
2
g1l e @y + 0l L2@yy <1
and )
IVllcnsan sy < 3. #(0) = [6(O)] =0,

then we have
N _

supr” 2 v — Qurllz2s,) < C, (6.9)
r>0

where v :=min(2s — N/p,f+2s —1) —e > 2s — 1.
Proof. Assume that the assertion does not hold, then for every n € N, 1, € CH#(RN~1),
gn € LP(RY), v, € H(RY), with
lgnllr @y + lonll 2@y < 1
satisfying

Dyvn (Un, ) = /+ gn(z)p(z) dz for all p € C°(By), (6.10)

By
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while
N_

supr™ 2 vy — Qu, rllL2(B,) > 1
r>0

and

1
IVnllgos@y-1y < 7 ¥n(0) = [¢n(0)] = 0, (6.11)

4 )
Consequently, there exists 7,, > 0 such that

T
Tn® vn — Qvn,?nHB(B;n) >n/2.

We consider the (well defined, because |[op | 2r~) < 1) nonincreasing function ©,, : (0,00) —
[0, 00) given by

_N_
On(F) = sup 172 7oy — Qu, rllz2(8B,)
re(r,00)

Proceeding as in the proof of Proposition [5.2], we can find a sequence 7, tending to zero such
that for n > 2,

O, (rn) > n/4. (6.12)
Hence, provided n > 2, there exists r, € [Fy,,00) such that

N, 1
Tn l[vn — Qvn,T’nHLZ(Bm) = §@n(7’n) >

ool 3

We now define the sequence of functions

N
_N_,
wn(@) = G {on(rz) = Qo ()}
It satisfies
1
||w||L2(B1) > oL and / wn(x)(xN)%f_l dr =0 for every n > 2. (6.13)
B

Using similar arguments as in [16.24], we find that
|wnllL2(Br) < CR2t for every R > 1 and n > 2, (6.14)

for some constant C' = C'(N,~) > 0.

We define
T’N+2S 1 .
Kn(l‘, y) = nTK;ﬁn(rnxy rny) = §K;Z’n(x’ y),

where 1, (z) := %¢n(rnx). Let g, (z) = %gn(rnx) and

B— B+2s—1—

r Tn on (Tn .
Qo) = g3 Quaralrat) = g BT e,
By a change of variable, we get
R 1
19nll r vy < On(rn) (6.15)

Moreover, for all ¢ € C>°(B*, (0)) ,

2rn

Dk, (W, 9) + 7, Drc,, (Qn ¢) z/ G, (7)o(x) dr.

N
R
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We define K7 (z,y) :=rn" (Kn(z,y) — K (z,y)), so that

B min(|rp2’|® + |ray’|?, 1)

‘K;l(x7y)’ :T;B‘Kn(xvy)_K:(xvy)‘ SCN,SC'(]V) \x—y\NHS (616)
Using that (—A)%fx?\f_l =0 on RY, we thus obtain
D, (10, 9) + Dicy (@ p) = /R Ful@)pla)de. (6.17)
+
By Corollary [6.4] for every € > 0, there exists C; > 0 such that
|90, (1n)] < Cery, = (6.18)
From this, we get
C(R)
and, since § < 1,
C
”QnHLl(Rf;(lJ,-\gc\)*NfQHﬁ) < 6ulr) (6.20)

Moreover, as in the proof of Proposition based on Lemma 5.1l we can show that, for fixed
M>1andn221arge,sothat1<M<ﬁ,

(1= 8)[wnl3 ) < ).

Consequently, up to a subsequence, there exists w € H fOC(RN ) such that

Wy, —> W weakly in Hj (RY) (6.21)
and, by (GI3),
|wn (z) — w(z)]
/I\%Nwdﬂf—)o as n — Q. (622)
Passing to the limit in (€.I3]), we obtain
1
lwllr2(s,) = 5 and / w(z)(zn)3 Hde = 0. (6.23)
B

Next by (6.17), (6.19), (6.20) and (6.15]), we have for all ¢ € C°(Bj;), with M as above,
1 C
[ (0@ = 0 ) 6(0) = o) Ko 9) oy < g blloonguny: (624

2
Now in view of (G.I0), ([6.21), (622 and ([©.24), we can let n — oo in ([6.24)), to obtain
(—A)[“"Mw =0onRY and w = 0 on RM\RY. Passing to the limit in (6.14)) yields w28y <
CRN/?*7 for all R > 1. By Lemma 6.2 and since v < 2s, we find that w(z) = b(zx)3 !,
for some b € R. This is in contradiction with (6.23)).

<

(]
Corollary 6.6. Let s € (1/2,1), 2s — N/p > 2s — 1 and 3 € (0,1). Let ¢p € CYS(RN-)
be such that ||V||cos@n-1y < T and ¥(0) = |(0)| = 0. Let g € LP(RY), v € HF(RY)
satisfying
Dis(vio) = [ galo@)dn  forall p € C2(B),

By

with
91l e @y + 0l L2@yy <1



36 MOUHAMED M. FALL

Then there exist positive constant Cy depending only on N, s,p and B and a constant QQ € R
satisfying
Q| < Co (6.25)

and

SupT—min(2s—N/p,B+2s—l)—N/2HU - Q(‘TN)%-S_:lHLZ(BT) < Cp.

r>0
Proof. Since min(2s — N/p, 5+ 2s — 1) —e > 2s — 1, in view of (6.9]), we can use similar
arguments as in [16,24], to obtain a constant @) € R satisfying

|Q| + Sl>1%) re min(2s—N/p75+2s—1)—E—N/2HU o Q(‘/EN)E-S_IHL%BT) < .
r

This implies, recalling (6.8]), that ¢, (r) < C. We can thus repeat the proof of Proposition
using min(2s — N/p, 5 + 2s — 1) in the place of v = min(2s — N/p, 5 + 2s — 1) — € to get the
desired estimate. We recall that the correction € was considered in the proof of Proposition
in order to have a control on the estimate (G.I8]). O

Corollary 6.7. Under the hypothesis of Corollary (6.0, there exists a constant C depending
only on N, s,p and 8 with the following properties.

(i) For all ¢ € Bf NRey,
(&) /&8 + [Vlc2s-1(B, 00 + [v/23

(i) If 2s — % > 1 and B > 2s — 1 then for all £ € B;r/zﬂ]ReN,

-1
]Cmin(lfN/Pvﬁ)(BEN/2(£)) =C

2-9s 2—2s
Vv + |z Vo| .~ <C. 6:20
En ©] + [zy ]C%*]Z*l(BEN/z(S)) | )

Moreover [z 2*Vv](0,) and [v/z%71](0,-) are continuous at xy =0 and satisfy
(23 25V0](0) = (25 — 1)[v/2%'](0)en. (6.27)

Proof. Let & := (0,2p) € By with p < 1/2. We define u¢(y) = v(E+py)—Q((E+py)-en)> ™ =
v(€+py) — Q2p+ pyn) 3" and ge(y) = p**g(€ + py). We have

Dk (u6:9) + 9 Duce, (Vero) = [ gelo)p()de  forall pe C2(B). (629)
R

where K¢ o(z,y) = 1s(2)1s(V) g s 2 = {0 un) = yn > =2}, Uely) = ;¥ (poy+
¢) and

Uely) = p™ P yn +2)7 7.
By a change of variable, we get (—A)35,Us = 0 on ¥. We then define

_ CN,s
Kg,s(‘ray) =p g <K5,s(xay) - 12(1')12(2;) ’x — y‘N+2s> :
We thus get from (6.28]),

Drce,.(t,) + Dy (Uesp) = /R gel@)pl@)dr  forall g € OF(By) (6.29)

Clearly by (5.4), K¢ , satisfies

[l —y[" KL (2,9)] < Cl2)” + [yl?).
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We let x € C2°(B,2) with x =1 on By, and put 175 = xUe € C?(RY). Then thanks (6.29),
we have the following equation

DKE,S (uxa QO) + DKé,s (1757 (10) = RN Gg(x)cp(a:) dx for all Y e CSO(BI/EE)? (630)

where, for all z € By s,

Ge(z) = gela) + /ym(l W) UKL () dy.

By (6:30) and interior regularity (see e.g. [15 Corollary 3.5]) and using (6.25]), we have that

lugllczs-1(8,,) < C <HU§HL2(31) + / -— Jue ()||y| =% dy + HGSHLP(RN)>
yl=

<c (uuguml) + O dy N p6+2s—1> |
yl=

We put v = min(2s — N/p, 8+ 2s — 1). In view of Corollary [6.6] we have
uell L2,y < CpN/2T. (6.31)

Moreover, using similar arguments as in the proof of Corollary [6.4] we can estimates the
terms

/| 2y < O (6.32)
Y|z
We then obtain

ltglicoes (g, ) < C (67 + p2 NP 4 g2 H571) < Cp. (6.33)

In particular, provided 8 < 2s — 1,

Hu{HCV*(ZS*l)(Bl/Q) < Cppy.

Scaling back, we get

lv — Qy?\}g_lﬂLoo(Bp/g(g)) < Cp’, [v— Qy?\?_l]c'y—@sfl)(Bﬂ/g(g)) < Cp*L, (6.34)
The above three estimates and (6.33)) imply that
[Wlc2s-1(B, () + [0(E)/EX T + [U/y?\}g_l]mf(%fl)(B,)/g(g)) <C, (6.35)

thanks to (6.25). We thus get (i) for 8 < 2s — 1.
We now prove (ii) and (i) in the case f > 2s — 1. We define the new kernel

1 1
Ke(z,y) =cns _B< _ >
R N R A e PR e
and rewrite (6.30) as
Dic (v9) = [ (0ce) + B0~ RE0) gla) e forall p € O (Buye), (639
where

R = [ (0w = Tew) Ke(wdy. Fe@) =pa. [ (Tele) = Telw) Ko g)ay.
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Since |z —y| > 1/2 for x € Byjg and y € RN\ ¥, using (5.4]), we easily see that
| (2)] < O(N)||[Ue| poany < CN)pP 27N (6.37)

On the other hand, using polar coordinates, w can write

1 / /°° 2Ug () — Ug(x +10) — Ug(z — 1) (Ae(x,7,0) + Ag(x, —1,0)) drdf
SN 1

,r.1+2s
Ue(x + r0) — Ue(x — r6)
/SN 1 / 6 7«1+28£ (Af(‘rara 9) - Ag(x,—r, 9))d7’d97
where
1
A x7r79 :TN+2SIC $,$+7"9 = C S _B - 1 .
¢(z,r,0) 3 ) = cnsp DV (e 1 rp)o N

Recall that ¥(y + &) =y + (0,yn +2p +4¥(y')). As a consequence, for x € Byg, 7 > 0 and
0 € 0By,

|Ag(z,7,0)] < C(|z]f +P), |Ag(z,7,0) — Ag(z, 7, —0)| < OrP.
Since 175 € C?>(RM) and 1 > 8> 25 — 1 > 0, we obtain
IFZ| Lo (B, 5) < C'(]\7)”&5”02(11%1\@ < C(N)pPt2s=t,
/

From this, (6.37), (6.31)), (6.32) and the fact that ||ge||pr@y) < p?*~N/P we can apply [16
Theorem 4.1] to ([6.36]) and get
lugllces, 4 < Cp7,
for all @ € (0, min(2s — N/p, 1)). In particular,
[uellon-cs-1 (B, 4) + luellc2e-1(8,,4) < Cp7, (6.38)
Then as above, we obtain
[v)o2s-1(8, o)) + WE)/EF T+ [0/YN ™ er-cn (B, 06 < C- (6.39)

We thus get (i) for § > 2s — 1.
We now finalize the proof of (ii). Here, we recall that 2s — N/p > 1 and § > 2s — 1.
Then [15, Theorem 1.3] applied to the equation ([6.36]) yields

lugllcro (s, 4) < Cp7, (6.40)
where 0 = 25 — % — 1. Hence by scaling back, we obtain
IV (v —QuX~ 1) HLM(BP/Q( ) = Cp' 7, [V (v— Qy?\}g_l)]ca(Bp/g(g)) < CpT17. (6.41)

Let w(y) = yN_st( Qy2s 1). Then, from the above estimates, for y1,y2 € B,/9(§), we
have

w(y1) — w(ya)l < Clyr — ya2lp' >[IV (0 = QU ™) Lo (B, 0 (¢))

+Cp* 2 ly1 — 12l "IV (v = QuF )] co(B, 0(6))

S C‘yl . y2‘pl—28+’y 1 + Cp2 2s+y—1— O"yl . y2’0'

— C|y1 _ y2|0'+1—0'p1—2s+’*{—1 + C«p2—2s+’y—1—0|y1 _ y2|0' é Cpmin(Q—Qs,N/p)|y1 _ y2|0"
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We then get, recalling that o = 2s — % -1,

[w] . < Cpmin(2—2s,N/p) <C.

_N_4
CT P (Byye(9)
Moreover by ([6.41]), we have
()| < Ce . (6.42)

Note also that ya **Vo(y) = w(y) + (25 — 1)Qen, we thus deduce (6.26).
Next, from the two estimates above, we can apply Lemma [5.3] to deduce that

”w”cgsfﬂfl( <C.

P Bj/ngeN)

Therefore passing to the limit in (6.42), we see that w(0) = 0, so that limg_,o &3 **Vu(€) =
(2s—1)Qen. In addition (6.37), (6.39) and Lemmal.3limply that v/yx (0, ) € C™n(I=N/P5) (0, 1).
Now, letting ¢ — 0 in (6.34), we find that [v/y% '](0) = Q and we get (G.2T). O

7. PROOF OF THE MAIN RESULTS

We start with the following result which allows us to study an equivalent problem in the
half-space. Let Q be an open subset of RV of class C'#, with 0 € 9Q and § > 0. Up to
scaling and translations, we may assume that B; N 0 is contained in the graph of a C'18
function. For ¢ € 09, let v(q) denote the unit interior normal vector of Q at ¢ and denote
T,00 = v(q)* the tangent plane of 9 at q. By the local inversion theorem, there exist ro > 0
depending only on N, and 2 such that for any ¢ € B,, N 0f, there exist an orthonormal

basis (E;(q) ..., En-1(q)) of T,002 and ¢ e C1#(By,) such that
N-1 N
v g+ ) wiEi(q) + o )v(q) : By, = 09
i=1

with ¢(0) = [V(0)| = 0. We let 5 € C&(By,) with n =1 on B;,O/2 and put ¢ = n¢. For all
q € By, N OS2, we define

N—-1
T:RY - RY, Y(z',zn) = q+ Z 2:Ei(q) + (zn + ¢(2)) v(q).
=1

Then, see e.g. [16], Y is a global C1# diffeomorphism with DetDY(z) = 1 for all z € RV,
We define Qs := Bj x (—9,6) and Qs := T(Qs). We have that T parameterizes QN Q, /5

over Q2 N ]Rf . It is easy to see that
DY = Id|[ oo mvy = [Vl poo -1y = [Vl oo (7,) = O as rg — 0.
Since, recalling (5.2)), for all 3/ € B;O jp and x € Qro/25
T(2',an) = T/, 0))° = (&', an) = (¥, )P + (Olanla’ = y/') + O(a’ = /) Vel =5y, )
decreasing rg if necessary, by Young’s inequality, we have that
337N < dist(Y(2',2n),00) < 2xy  for all z € Q2 NRY.

We state the following result.
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Lemma 7.1. Let Q, ro, ¢ and Y be as above. For s € [so, 1), with s € (0,1), letu € Hy (Q)N
L%(Q) be a solution to (I3) and for s € [so,1), with so € (1/2,1), we let v € HS(Q) be a
solution to (L4), with f € LP(Q) and p > %. Then there exist & € H*(RY), o € H§(RY),

f e LP(RY) and o € CYP(RN™YY) such that
Dslitp) = | f@)p(x)dz  for all p € CX(By)
2
and

D,wl(i, o) = | fl@)p(x)de  forallye CHBY),
s B2

where ¢(z) = 1¢(rz) and r = 3. Moreover, @ = uo Y(rz), o = vo Y(rz),

@]l 2y < CllullL2e), 19]| L2y < Cllvll L2
and || f|| pp@ry < C <HUHL2(Q) + HfHLp(Q)) . Here, C'= C(N,Q, 79, 50).

Proof. We will prove the result in the Neumann case. The proof of the Dirichlet case is
CN,s

similar. Let v(z,y) = STy [N Put r = 75 and let u = uy,, with x, € C2°(Qi0,) such that
Xr =1 on Qg,. We then get

(—A)yi = f,
for some function fe LP(RY) and satisfying
1Flzoeny < € (lullza@y + 1o ) - (7.1)
Next, for ¢ € C°(Q7;),

/ F@)o(a) dz = / (@) — 5(y)) (@) — p)v(z, y) dedy
OxN

/ (i) — 7)) (olx) — o(y))(z,y) dady
QNQgr xQ2N Qg

1 / / (@) - T(w))((x) — p()v(z, y) dedy
QNQg, v N\ Qsr

-/ (@(x) — () (o (@) — p(y))v(z y) dedy
QNQgr x2N Qg

9 / (x)p() / v, y) dady + 2 / o(2) / (), y) dedy.
QﬂQTr Q\QST' QOQW' Q\QST‘

Letting

V(2) = 21, (2) / v(ey)dy, Flz) = [(z) - 2o, (2) / )iz, y) dy,

Q\ QST' Q\QST‘
we deduce that

(@) — ) (@) — p(u))v(z,y) dedy + /Q

P (@)a(x) () de = / F(z)p(z)

/Qﬁ Qsr XN Qs Q

and we note that

min? >0, [Vlpwen <C [Flley) < COV Dl + 1) (73)
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Let w=1uoY € H¥RY), V = VoY and F = FoY € LP(RYN). Then by a change of variable
and using (T.2)), we get, for p € C°(Ba,),
1

Dslwne)i=5 [ (w(e) = wl)(pla) — o) K3 a,y) dady

=5 s e () 0010~ G ) dly
Bg,. x Bg

/ / w(z) — w)(p() — o) K2 (. y) dedy
B ]RN\BG
—5 [, (T@ule) + Fa) wo)do+ [

+/ 90(36)/ w(y) K2 (2, y) dzdy.
B, RN\B{,

We then get, for all ¢ € C°(By,),

Dyswng)+ | H@u@p(e)ds = [ Glpta)da,
where
H(z) = V(@) + 1, (x) / K9(z,y) dy
RN\B,
and

Gw) =1, 0) [ | w2 0)dy + o)

We can now scale by putting 4(z) = w(rz), g(z) = 1p,(z)G(rz), V(z) = 1p,(z)H (rz) and
Y(z) = Lp(rz). We then have that

ae H'RY),  lla@y) < Clullzz), (7.4)
gl oy < € (1 o) + lullzz@) ) (7.5)
2
and for every ¢ € C°(Bs),
Dys(ie)+ [ V@iype)do = [ gla)pla)do. (7.7)
s RN RN

Now by the Kato inequality and (7.6]), for all ¢ € C2°(B2) with ¢ > 0, we have that

Dyslilp) < Dysilp) + [ V@lita)lpta)de < [ lo(wlo(o) do

R

By a direct minimization argument, there exists a unique function n € H?® (Rf ) such that
n = |i| on RY \ By and for all ¢ € C2°(By),

Dicy () = /R | l9(@)|e(x) dz.

By construction, we have that
lal <mn in By. (7.8)
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Applying Corollary 5.4l we deduce that

19l ) < €N, 50,8) (I1l2y) + N9llzoen) ) < CN,s0,0) (Il 2y + lgllon) ) -
(7.9)
From this and (7.8]), we finally get

il e ) < € (Il 2y + I9llo@m ) < € (lulzzey + lglo@m) - (7.10)

We can now rewrite (7)) in the form,

/ (@) — () (p(x) = pW) KL (2,y) dedy = | f(a)p(z)d,
RN xRN RN
with f = 1Rf (9 — 1p,Va). We note that by (ZI0), (Z5) and (T4,

11l Loy < C <”f”LP(RN) + ”uHL2(Q)) :

The proof is thus complete in the Neumann case. Note that for the Dirichlet case, the only
change in the above argument is to apply Corollary in the place of Corollary [5.4]in order

to get ([Z9). O

7.1. Proof of the main results (completed). We are now in position to complete the
proofs of the main results in the first section. For the following, we assume for simplicity
that || fllr) + lullz2@) < 1, 1fllzr@) + vll2(@) < 1 and Q is as in the beginning of Section
[ For x € RN, we let §(z) to be dist(x,09) for z in a tubular neighbourhood of 9§ and
Lipschitz continuous and positive elsewhere.

Proof of Theorem [I.1l (completed). The statement in the theorem follows from Lemma [7.1]
and Corollary 5.4 O

Proof of Theorem [1.2 (completed). We put v := min(2s—N/p, 1+ ). Then in view of Lemma
[T1] and Corollary 5.7 we can find two constants 7, C' > 0, depending only on N, s,p, and 3
such that for any x € BrNQ, we have that |[Vu(x)[+[Vu]cr-1(p,(2)) < C and, Vu(g)-v(q) =0,
with p = §(z)/4 and |z — q| = §(z). Applying Lemma [5.3] after flattening the boundary, we
get the stated results. O

Proof of Theorem (completed). The proof follows from Lemma[l.Jland Corollary 6.4 O

Proof of Theorem [1.]] (completed). In view of Lemma [7.I] and Corollary [6.7+(i), we obtain
two constants 7 = 7(N,Q, ) > 0 and C' = C(N, s, p, 2, 3) > 0 such that for any z € BrNQ,
we have that

o(2) /6%~ (@)] + [W]c2e1(B, @) + [0/0% " emna-y/mm 5, @) < C

with p = d(x)/4. Applying Lemma [5.3] after flattening the boundary, we get (i). Next, we
let 2s — N/p > 1 and 8 > 2s — 1. Then in this case we use Corollary [6.7+(i7) to get

16272 (2)Vu(z)| + [528_2Vv]02 N <C

Bp(x)

and limg(,yo (6(2)* 2 Vu(z)) = (25 — 1)[v/0* (q)v(q), where |z — q| = 6(x). We then
apply Lemma [5.3] after flattening the boundary, to get (i7). O

S



REGIONAL FRACTIONAL LAPLACIANS: BOUNDARY REGULARITY 43

Remark 7.2. We point out that provided p > % and B < 2sg — 1, the constant C' in
Theorem [I.2 and Theorem [I.4-(i) can be chosen to remain bounded as s — 1, while for
Theorem [T7}(i1), we need to assume that 5 = 1. Then the constant C' appearing in Theorem
and Theorem remains bounded as s — 1. This follows from Lemma[81 and the blow

up argument that is used in the proof of Proposition and Proposition [6.3.

8. APPENDIX

This section is devoted to prove the convergence of the nonlocal problem to the local
problem as s — 1.

Lemma 8.1. (i) Let Q be an open subset of RN. Then for all u,v € CLRYN), we have
y))(v(z) —v(y)) _
ll_)ll% cNS/ / |x |V dxdy = yn A Vu(z) - Vo(z) dz.

(i3) Let b, € C*RN™Y) be such that [Vbn]or@mn-1y < L and s, € (0,1) with s, — 1.
Let wy, € Hs”(RN) with w, — w € L?

loc

such that, for all n € N,

(RN ) and suppose that there exists C > 0

loc

[wn (2)|
(1 - Sn)[w"]Hzégf:(Rf) + /Rf 1 -+ ’x‘N+25n df]}' S C

Then, for all ¢ € C°(RYN), we have

lim DK% (wn, @) = gi Vw(z) - Vo(x)dzx

n—00 2 RN
+

cN,s|B1]
2(1—s) *

Here, vy = limg_y1

Proof. Let u,v € CSO(RN) and R > 0 be such that Suppu, Suppv C Br. We estimate

o S0

// m_yiﬁi’él‘”@”
O
Con [ [ ) ) le) )

1

|l‘ _ |N+2s
+cn, / u(y)v(y)dy/ ——dzx
° QNBgr Q\BQR ‘x - y’N+2S

—ow [ [ O dady 4 Ofenlilonmlrlorery B

dxdy

By Taylor expansion, for all ¢ < 0, there exits 7. > 0 such that for y € B(z,7.)

u(z) —uly) = Vu(z) - (x = y) + Oelz — y[)[u]cr@y)-
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To alleviate the notations, we assume that [u]c1 gay[v]or@yy < 1. We then have

e /QﬂBzR e / |l‘ - yT}\){(—Ii)s_ U(y)) dy

N CN’S /QﬁBzR d:E |~’U—y|ST’g (U(x) _’Z(g);ﬁif(fz)s_ v(y)) dy
— u(y))(v(z) — v(y))

+CNs /QOBQR /x_y|>rE [ — gV dy

dx
dx

(u(z)
|
[ Vv @),
lz—y|<re

|z — y|N+2s

= CN,s /
QNB2g

O(elx — y|? O(1
+ CN,s / dZE/ (’7]\;1‘25) dy + CN,s / d:E/ ( ]\)[+23 dy
QNBar le—y|<r. T =Y QNBar e—y|>re 1T — Yl

We then obtain

y)(v(z) —v(y))
dxdy

/QQBQR / "T - ‘N+28

_CNS// ) - Vo (x) 9d9/ 1=280r + O(e N8)+CNSO( ~29)
SN-1
- CNS‘Bl‘T2 25/ CN,s —2s
=0 Vu(z) - Vou(z)dx + | O(e 1_8)—1—01\130(7‘ ).
Using this in (81]), we conclude that
) (v(z) —v(y)) ch|Bl|7‘2 > /
// ]a;—y]NJF?S dedy = ————— 20— s) Vu(x) - Vou(z)dz
+ <O(€1 —783) + CN,SO(T‘E_%) [U]Cl(RN)[’U]Cl(RN). (8.2)

Since cy,s = O(1 — s), then letting s — 1 and then € — 0, we get ().

We now prove (ii). Recall that W, (2/,zy) = (', 2y + ¥n(x)) (see Section ). We define
Q, = \I'n(Rf) Let ¢, ¢ € C®(RY) and define u,, :== ¢ o ¥,, and v, := p o ¥,,. By a change
of variable, we get

DK¢n b, p) = CN CN,spn / / un - un y))(vn(x) — UN(y)) dzxdy

‘.’L’ _ ‘N+2sn

By (82]), we have
_ _ 2—28n
CN sn/ / uTL Un, y))(vn(x) UTL(y)) df]}'dy NSn‘Bl‘T / vun(x) . V'Un(x)dx

|$ _ |N+2Sn 2(1 — Sn)

n

+GX1§%)+m@ﬂﬁf“>M&mwﬁMwmm'

Using now that [Vib,]e1@a-1y < 1 the fact that cy,, = O(1 — s,) and the dominated
convergence theorem, we deduce that

2 lim Dy (6, 0) = 7V /RN Vé(z) - Vo(z)dz + O(g)[d]cr @m [©)or @mm)y-
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Now letting ¢ — 0, we get, for all ¢, p € C°(RY)
2 im Dyvn (b, 0) =N V() Vo(x)de. (8.3)
n—oo Sn Ri\f

In addition, for ¢, p € Hl(Rf), we have that
Dy (6 9)] < O3 ey ol ey
Kn form-converges in H'(RY) x H'(RY) to a
symmetric bilinear form D, : H I(Rf ) x H I(Rf ) — R. Namely, for all ¢, € H I(Rf ),
Tim Dy, (6,9) = Dol ).
By density and (83), we have that for all ¢, € HY(RY),

2 lim DKM((;ﬁ ) = 2Doo (¢, ) = YN /]RN Vo(z) - V(x)dz. (8.4)

Therefore the symmetric bilinear form D

n—o0

Fix M > 1 and consider x s € C2°(Baas) such that xas = 1 on Bys. Then for ¢ € C°(Bar/2),
we get

,DK;Z’nn (XMwm gb) = ,DK;Z’nn (XM'lU, qb) =+ ,DK;Z’nn (XM(wn - w), ¢) (8'5)

Letting v, = xam (w, — w), we have

/ (n(@) = o @)(O) = 0)) 0
RY xRY

o — gV

‘DKw” U”7¢)‘ = CN787L

sn

(o) = o) (6la) — ) |KE7 (o9) — K (o) oy

Using this, the fact that w, — w in H, I‘ZC(@) for every o € (0,1) and (5.4]), we obtain
‘DK;pJL(XM(wn —w), QS)‘ =o(1) as n — oo. (8.6)

Now, by a direct computation, for ¢ € C2°(B)y/2), we also have that

Dy (01 8) = Dy (s 8) + v, [ Gil)ole) dn,
n sn R

where Gn(‘r) = 1BM/2 f{|y\2M}ﬂRf ‘LZ' - y’_N_%nwn(y) dy. Since CN,sp, = O(l - Sn) — 0 as
n — 00, by the above identity, (), (B.6) and (84]), we deduce that

- _ N :
n].l_)lloloDK;p’ll (wn, @) = 5 /Rf Vw(z) - Vo(x)dx
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